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Abstract

The paper deals with the problem of the aero-
dynamic analysis of a coaxial rotor system in
hover from three points of view: An analytic
point of view; a computational point of view
which is based on rigid wake model; and a com-
putational point of view which is based on free
wake model.

The analytical model includes also an opti-
mization scheme for coaxial system. The three
methods are compared and discussed along with
correlation with various experiments.

1 General Introduction

A coaxial rotor system is an arrangement
that contains two identical, or nearly identi-
cal, counter-rotating rotors along a common spin
axis; i.e., coaxially. An important advantage of
coaxial rotor configuration over the traditional
single main rotor configuration is its improved ef-
ficiency and compact design. The efficiency im-
provement stems from the larger disc area and
from the removal of the tail rotor, which con-
sumes power, yet contributes little or nothing to
the thrust. The resulting compact design im-
proves maneuver performance, reduces airborne
vulnerability, and conserves space in cramped
landing areas, such as aircraft carrier flight decks.
In addition, significant speed improvements are
potentially achievable for coaxial rotorcraft, al-
though at the cost of increased vibration level.

The present effort deals with the problem of
the aerodynamic analysis of a coaxial rotor sys-
tem in hover from three points of view which are
founded on a common basis: An analytic point
of view; a computational point of view which is
based of rigid wakes; and a computational point
of view which is based of free wakes. The com-
mon basis of this study is the Blade-Element
Theory which in the general case is founded on
a lookup table technique for the airfoils polars.
Such approach allows physical insight to the per-
formance analysis issues which are crucial for
simulation and preliminary design.

In the analytical model, the upper rotor model
takes into account the lower rotor induced ve-
locity as an "equivalent climb speed" and the
lower rotor model takes into account the upper
rotor induced velocity in a similar, yet more com-
plex way. The proposed analysis also includes
a search for aerodynamically optimal coaxial ro-
tor that eventually minimizes the total (induced
and parasite) power. This search is founded on
a calculus of variations theorem that exploits the
Blade-Element Momentum Theory.

A relatively simple computational point of
view is founded on a rigid (prescribed) wake for
each rotor. Wake geometry and its parameters are
obtained from experimentally and computation-
ally collected data from the open literature. In
this case, the mutual interaction between rotors
is accounted for by the rigid wakes induced ve-
locity distribution over both disks.

For the computational point of view with free



wakes, both wakes are determined by a time
marching numerical scheme. Such modeling of-
fers a higher level of fidelity for the aerodynamic
analysis, although at considerably high compu-
tational cost. The model is capable of capturing
the mutual interference of the wakes which leads
to their geometry and strength characteristics and
subsequently to the unique coaxial rotor system
performance.

2 Analytical point of view

Fig. 1 shows a coaxial system of two concen-
tric rotors with a clearance, A, that rotate in op-
posite directions. The rotors are not necessarily
identical in all parameters including their radius,
rotational speed, number of blades, chord and air-
foil distribution, etc. (i.e. RV # Rl and QU £ QF,
NY # NE, &Y (F) # é-(F) in the general case).
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Fig. 1 Coaxial rotor system in hover

In this model, the upper rotor model takes
into account the lower rotor induced velocity as
an "equivalent climb speed" and similarly, the
lower rotor model takes into account the upper
rotor induced velocity as an "equivalent climb
speed" as well. The present model is developed
and presented in two parallel courses where the
above described mutual influences are founded
on uniform downwash distributions for the sim-
plified course and on nonuniform downwash dis-
tributions for the second course.
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2.1 The Mutual Interaction Between the Ro-
tors

As indicated above, the upper rotor is sub-
merged in the downwash that is induced by
the lower rotor. This downwash is written as
kLUing—g where kU is an influence coefficient

and XZ.L is the averaged nondimensional induced
velocity over the lower rotor. In general, KXV
is a function of 7V (radial station). Similarly,
the inner part of the lower rotor is submerged in
the downwash that is induced by the upper rotor
and is written as kULilUE—f: where kUL is an in-
fluence coefficient and XZU is the averaged nondi-
mensional induced velocity over the upper rotor.
Clearly, kYL is a function of . Hence in the gen-
eral case, the equivalent climb velocities over the

upper and the lower rotors are:

A (F) = HU(?)M%—Q (1a)

M) = KR (1b)
where AL ov

CR = R_U; CQ = @

Note that XZ.L and XZU are the averaged induced ve-
locity over the disc areas and are therefore ex-
pressed as:

_ 1 _ 1
A =2 / A (Fdr; M =2 / AL (F)dF.
0 0

The simplified model: In the simplified
kLU

model we assume that is constant, and
kUL is constant for # < 7L and vanishes for
L < # < 1. In such a case, AV () of the optimal
design turns to be also constant. Similarly,
AL(7) becomes constant for # < 7 (and will
be denoted kl-u there), while it takes a value of
different constant for 7% < 7 < 1 (and will be
denoted kl-LO there). Hence, in such a case, the
equivalent climb velocities are given by:

- 2)
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A = KUY fa (3a)

A9 = 0. (3b)

Estimation of the influence coefficients

The estimation of the averaged values of the
influence coefficients kKUZ(#) and kMU (V) is
based on the average induced velocity distribu-
tion below and above a single rotor and are sub-
sequently given by:

kUL:1+( d

where d = ‘h/ R‘ and the estimation of the co-

efficients yyr and Y,y has been obtained thanks
to comparison with experimental data: Yy = 0.6
and yry = 0.3-+0.5 (see Fig. 2).
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Fig. 2 Averaged induced velocity distribution be-
low and above a single rotor.

Fig. 7 presents a free wake geometry of a sin-
gle rotor. The wake contraction is clearly ob-
served. The induced velocity of such a wake is
not uniform in the general case. The resulting in-
fluence coefficients in such a case are expressed
as:

2y _ M) NGl
UL _ . U/=Uy _

YuL kLU d YLu
- - . =1 —
\/1+d2> (\/1+d2>
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where A*U (#) and A*L(7#) are the time averaged
values as functions of the radial stations.

2.2 The Proposed Optimal Coaxial System
Analysis

The proposed analysis is based on a calcu-
lus of variations theorem that exploits the Blade
Element-Momentum Theory with nonlinear aero-
dynamics and rigorously solves the problem of
aerodynamically optimal coaxial rotor.

For aerodynamically optimal rotor, two basic
conditions should be fulfilled: (a) the induced ve-
locity distribution should be the one that mini-
mizes the induced power; (b) each cross-section
should work in its optimal angle of attack to max-
imize its €I/, .

Based on Blade Element Momentum Theory,
one may express the thrust and induced power co-
efficients as:

1

Cr=4 / F e+ M) MidF, (4a)
0
1
Cpi = 4/7(7\(‘ + 7\.,‘)27\,,'617. (4b)
0

For a given climb velocity distribution, A¢(7), the
induced power optimization task is focused on
the selection of A;(7), that for a given thrust coef-
ficient, Cr, as given by Eq.(4a), will minimize
Cp; as given by Eq.(4b). For that purpose we
employ the calculus of variations technique and
adopt the minimization process of an integral of
the form

1
dkl-
- F(F iy ~7
J O/ (7 s, S

while for the present case of optimization with
constraint (minimum induced power for a given
thrust) we define:

F =Cp;+nCr,

where 1 is a Lagrange multiplier. The above inte-
grand shows that A;(7) should fulfill the following



Euler equation

or AP0t Mt [P (e + 1) M) |
oA oA
or

F(AG +MAc +4Achi +2nA +347) = 0. (5)

=0

Parasite Power: As far as the parasite power op-
timization is concerned, each blade cross-section
should operate in its optimal effective angle of at-
tack, o, ,r, Where the ratio ¢, /c, is maximal, and,

hence, we define clom = ¢;(Otopr), C; _ Cd(clopt)'

2.3 The Solution Scheme

In the general case, the above described op-
timization of a coaxial rotor system is expressed
as a nonlinear system of four equations an un-
knowns, namely:

filx1...xq) for i=1...4

where the unknowns are x; = XZU and x, = XI.L and

=nY x4 =n’. For a given set of these four
values, the following calculations should be exe-
cuted:

a) Calculate A (7) and A5(F) by influence co-
efficients (or other source).

b) Calculate AY(7) and AF(F) from the
quadratic equation Eq.(5) (applied separately to
the upper and lower rotor) as:

2WX(7) = (—Aﬁ VBx )
where a Z)LX( . +n

B, = (NE(7)” + 2K (7 + ()’
and X =U,L.

(c) Calculate the residual functions:
fi = Cr CTOTAL

G

Q

B 1

A= W2 / Y (7)d7
0
B 1

fi = A2 / FAL(F)dF
0

[Chi+Chy] 22
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Thus, by employing a nonlinear solver, the
values of x; that yield f; = 0 are found.

The simplified case:

In the simplified case, the above optimization
problem may be expressed as the following non-
linear algebraic system of nine equations and un-
knowns:

(A% YUY + aAY +2mUal +3(WY)% =

(A ) A + NG oA 3 (A ) =0,

(20 80 i 51 -
A=k L () 1 - (rfv)z]kfo}é—g,

xLI: kUL}\,U C_Q’
¢ =[] Cr
Cr =2 (e +A) A7,

Cr=CH +cf°

¢
CTOTAL CT + C% Cf 7
€YY — [Chy+Chy] .

Q

where the unknowns are
U ~L AU LI ALO AU ALl 4LO U L
CT5CT77\‘C77\‘C77\‘ 77\‘1' 7}\‘1' 7}\‘1' an an )

kLO 0 in hover case.

and

Note that C% OTAL represents the total required
trust and that the last equation of Eqs.(6) stands
for the torque balance condition which is required
in a coaxial system.

The coaxial rotor optimal design obtained is
shown in Fig. 3 for the simplified case and in
Fig. 4 for the general case; unlike the single ro-
tor optimal design, the inflow is not uniform and
the chord and the twist decrease with r but not
exactly.

3 Rigid wake model

3.1 Single rotor analysis

To derive this model, it is assumed that the
blade advances at each time step Az by an angle

(6)
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Fig. 3 Optimal design of a coaxial rotor, simpli-
fied case;
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Fig. 4 Optimal design of a coaxial rotor, general
case;

AY equals to: AY = QAr. At each time step, a
vortex point is created and the vortex points cre-
ated before are convected downwards and radi-
ally inward below the rotor with the vertical dis-
tance AZ = 7;;A¥ and radial distance A7 = v;, AW
while 7;, and 7; are axial and radial induced ve-
locities (see Fig. 5).
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Fig. 5 Time-marching scheme.
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Each existing vortex point trailing from each
blade is moving in the radial and axial directions
during a small increment of time Az thanks to the
following relations:

{ Ferar = T+ VieAt 7
Z+ar = 2 ViZAt

where v; and v;, are induced velocities function
of the vertical position z of the vortex point and
defined here after:

s

Viz = AGR)

~ r ~ R-cy- _3

i = 0, = —ELRA() (A(Z) -5
3)

where A is the mean induced inflow over the disk
that may be given by General Momentum The-
ory, A(z) the ratio of cross-sectional area (or in-
flow) to that at the rotor level. /2—3 is the ratio
of cross-sectional area infinite downstream to ro-
tor disk area and cy is a contraction factor that
are obtained from experiments. Moreover, the
tip vortex radial displacement has been approx-
imated by an exponential decay, based on experi-
mental and computational collected data from the
open literature.

The process is repeated for each blade and is
performed until a complete wake structure is ob-
tained.

Physical arguments show that the rigid wake
geometry must be consistent, i.e the induced in-
flow used to generate the wake (Ag) must match
with the induced inflow of the resulting wake
(calculated by Biot-savart, on the blade). There-
fore an iterative loop on the induced inflow (av-
erage over the disk) is performed until conver-
gence. Moreover, a loop on the pitch is achieved
in order to find the pitch angle that provides the
required thrust.

As shown in Fig. 6, the trajectory formed by
the tip vortex of one blade traces out a contracted
helix form with a distance between two spires
that increases as the wake goes down and the con-
traction is practically complete within only about
half a rotor radius. Nevertheless, a steady and
well defined wake does not really exist beyond
about four revolutions due to dissipation and as



mentioned before the spatial location of the tip
vortices is dependent of the modeling parameter
values selected (cy and %).

(a)

yR

Fig. 6 Single rotor rigid wake;(a) top view, (b)
side view; cs= 5, 42 = 0.6, Nj, = 4, Cr = 0.004,
9,w - 130.

3.2 Coaxial rotor analysis

The rigid wake of the coaxial rotor is built
similar to the rigid wake of the single rotor. First,
the rigid wakes of two isolated rotors are built,
separated by a clearance of 0.2R. Then, the in-
flow from the two wakes over each rotor disk is
calculated, each wake with his own circulation.
The inflow from the two wakes is computed on
each rotor disk in order to take into account the
interactions between the two rotors and then it’s
used to create again the wakes of each rotor until
consistency (inflow convergence) of the coaxial
rotor wake is obtained. There is also a loop on
the collective pitch angles that insures the torque
balance and that the total thrust is equals to the
thrust required.

4 Free wake model

4.1 Single rotor analysis

In this approach, no preconceived assumption
i1s made regarding the wake form and no experi-
mental results are required for formulation pur-
poses. The wake is free to assume any shape that
may result from the mutual interaction between
the total vortex system of the rotor and the ve-
locity field induced by this system; the position
vectors of the individual wake filaments are now
part of the solution process.
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The free wake model developed in this study
is based on the type-marching method with an ex-
plicit numerical scheme. The free wake construc-
tion starts by an initial rigid wake geometry: only
two vortex filaments are sufficient. At each time
step At, the blade rotates through an azimuthal
increment, Ay, a new vortex point is created and
the vortex elements not attached to the blades are
modified in turn to conform with the induced ve-
locity field (see Fig. 5).

Using the Biot-Savart law which includes
a core growth (vorticity diffusion) model, the
induced velocity field of the total vortex sys-
tem is computed at each vortex element where
the curved vortex filaments are approximated by
straight-line vortex segments. The convection of
the vortex points follows an explicit numerical
scheme such as :

Xe+Ar = X+ Vix - At
Yitar = Vi +Viy - At )
L+Ar = & T Vig - At

where vjy, vy, i, are induced velocity field com-
ponents that are calculated (thanks to Biot-Savart
law) at each vortex point at each time step by all
tip vortices of all blades of all wakes.

The process is allowed to iterate until sat-
isfactory convergence has been achieved, which
means that the transients introduced by the ini-
tial condition die out and a periodic solution is
achieved (steady state).

As mentioned before, the free wake is built
thanks to the induced velocity calculated on the
tip vortex itself and this induced velocity depends
linearly on the circulation. Like the lift, the cir-
culation presents a maximum at the tip region.
Therefore, the maximum circulation has been
used to generate the free wake and an iterative
loop on this maximal circulation has been per-
formed in order to get a consistent wake. More-
over, a loop on the pitch is achieved in order to
find the pitch angle that provides the required
thrust.

As shown in Fig. 7, the trajectory formed
by the tip vortex of one blade traces out a con-
tracted helix form with a distance between two
spires that increases as the wake is moving down.



Moreover, the free wake generated shows that a
steady and well defined wake does not really exist
beyond about four revolutions and that the con-
traction is practically complete within only about
half a rotor radius. Furthermore, only the free
wake model allows modeling the roll-up of the
tip vortices. Finally, the tip vortices roll-up con-
vect downstream and grow due to diffusion with
the time (see Fig. 8), phenomenon also observed
during experiments (Ref [2]) or in CFD (Ref [3]).
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Fig. 7 Single rotor free wake. N, =4, Cr =
0.004, 6, = 13°.
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Fig. 8 Roll up of the tip vortices for two free
wakes of 10 and 15 revolutions. N, =4, Cr =
0.004, 6, = 13°.

The present methodology requires to add a
vortex point at each time step. With the time
the number of vortex points might become im-
portant and the ones creating at the beginning of
the process may not participating to the velocity
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field due to diffusion. A solution to this problem
is to throw out the oldest vortex point each time a
new one is created.

Once the free wake was built, the inflow of
the wake was calculated over the rotor disk plan
as presented in Fig. 9. The inflow is azimuthally
uniform. Moreover, it is constant and very close
to the inflow given by the General Momentum
Theory for about r/R < 0.8. The irregular distri-
bution of the inflow at the outboard region is due
to the presence of the tip vortex. Furthermore,
the tip vortex position above the blade gives an
upwash at the tip region of the rotor disk. Finally,
there is a good correlation of the inflow distribu-
tion towards the tip with the experimental one of
Ref [1]: the small increase, the sharp decrease
and the upwash at the tip are at the right place
and at the right magnitude. Due to measurement
difficulties, the experimental inflow distribution
inboard is not valid and therefore not compara-
ble.
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Fig. 9 Inflow distribution of single rotor free
wake. N, =3, Cr =0.009, 6,, = 13°.

4.2 Coaxial rotor analysis

The free wake of the coaxial rotor is built sim-
ilar to the free wake of the single rotor; the solu-
tion scheme implemented is presented in Fig. 10.
The free wakes of each rotor are built simulta-
neously: each vortex point is moving by the in-
duced velocity of the two wakes (all the vortex
filaments trailed from each blade of each rotor),
the maximal circulation of each wake being con-
sidered. Once the two free wakes are built, the



induced velocity from the two wakes (with their
own constant circulation) over each rotor disk is
calculated in order to calculate the loads of each
rotor. The maximum of the circulation (through
Biot-Savart law) is then used to create again the
free wakes until convergence of the maximum
circulation is obtained for each wake (consistent
wake). Moreover, there is a loop on the pitch an-
gles to ensure the torque balance and that the total
thrust is equals to the thrust required.

Inidal Rigid Wake Initiel Rigid Wake
geomeny (2 filaments) geometry (2 filaments)

Free wake geometry = Free wake geometry l:fu.x
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(Fo=17u)

v

Biot-Savart on upper disk
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v L N v,
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8, =(-CE-C}) o

Fig. 10 Solution scheme for coaxial rotor free wake.

Fig. 11 shows the coaxial rotor free wake ob-
tained and Fig. 12 its roll up tip vortices con-
vection and the diffusion with the time. Like
in the single rotor analysis, the free wake model
allows a good modeling of the coaxial rotor tip
vortices roll up and their convection downstream
with time until dissipation.

Fig. 13 presents the tip vortices axial and ra-
dial displacements. Well correlated with experi-
ments and CFD of Ref [3], the upper rotor wake
is more stretched and more contracted than the
lower rotor wake.

As shown on Fig. 14, the inflow distribution
is relatively uniform over the two rotor disks: the
inflow decreases smoothly towards the tip on the
upper rotor disk whereas it decreases sharply on
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the lower rotor disk and there is also an upwash at
the tip of the lower disk. Compared with the ex-
periments of Ref [1], the free wake modeling pro-
vides a good correlation of the outboard inflow
distribution at each rotor disk, and surprisingly
the analytical point of view allows a reasonable
prediction as well.

yIR

Fig. 11 Free wake of a coaxial rotor; NE=NU =
4, Cr =0.004, 0;,, = 13°.

N —7 5 revoluton wake

o

volution wake

15 revolution wake

yR

Fig. 12 Free wake contraction boundaries, roll
up of the tip vortices, convection and diffusion
for a coaxial rotor; N- = Ng =4, Cr = 0.004,
0y, = 13°.

5 Comparative study

A comparison between the three points of
views has been performed on the pitch angle and
the inflow distributions (see Fig. 15). The analyt-
ical and free wake points of view provide close
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Fig. 13 Tip vortices axial and radial displace-
ments of coaxial rotor free wake; Nf = N/ = 4,
Cr =0.004, 6,,, = 13°.
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results that have been well correlated with exper-
iments. However, some differences with the rigid
wake model may be explained by the simplicity
and poor physical justification of the model em-
ployed.

6 Advantages and disadvantages of each for-
mulation

It is important to underline the advantages
and disadvantages of each formulation, see also
Fig. 16.

The analytical approach does not require any
experimental or test data. Its computational cost
for preliminary design and simulation is negli-
gible. However, this approach does not allow a
wake modeling. Yet, surprisingly, a reasonable
prediction of the average inflow of the wake is
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Fig. 15 Pitch and inflow distribution from the
3 points of view. (left):upper disk, (right):lower
disk N =NY =4, Cr =0.004, 6, = 13°.

offered by this approach. Compared with the nu-
merical prediction models, the optimization en-
abling is of very important quality in this ap-
proach.

The rigid wake approach requires a interme-
diate computational cost. However, this method
uses experimental data to locate the tip vortex
position of a simplified rigid wake; the limita-
tion of the wake geometry prediction is therefore
not suitable for interactional aerodynamic. More-
over, the physical justification is very poor and
an optimization process using this method is time
consuming.

The free wake approach is based on a very
good physical foundation and allows generating
a detailed wake modeling: more wake effects are
present like the roll-up of the tip vortices or the
absent of a steady and well defined wake after
few revolutions (diffusion). The wake modeling
is very close to the experimental one in terms
of geometry and inflow distribution. Moreover,
this approach does not require any experimental
or test data. However, a high computational cost
is required for preliminary design and simulation
(still negligible compared to CFD computational
cost). Optimization process using this method is
lengthy and not feasible.
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Fig. 16 Summary of the advantages and disad-
vantages of the three discussed methods.

7 Conclusion

Generic coaxial rotor systems in hover were
analyzed in a uniform level by three different ap-
proaches.

The analytical point of view enabled a new
optimized solution that may also be refined us-
ing numerical/experimental data. Optimization
shows that unlike the classical single rotor op-
timization, the induced velocity in an optimized
coaxial rotor system is not uniform and the chord
and the twist distribution generally decrease with
r but not exactly. Furthermore, analytic solution
shows surprisingly good agreement with experi-
ments.

Rigid wake analysis lakes some of the insight
provided by the analytic solution and reveal only
limited wake effects. It is also very sensitive to
its modeling parameters.

Free wake analysis provides good quality
wake modeling, reasonably predicts the down-
wash and hence the performance of a coaxial sys-
tem. Moreover, free wake models enable the de-
termination of the rotor influence on other parts
of the airframe. Finally, free wake models are
not suitable for real time simulation-type analy-
sis and optimization due to high computational
cost.

Therefore, the best approach to the analy-
sis of coaxial rotor configurations is depending
on the objective: the analytical approach will be
more adapted for a design optimization or quick
estimation of coaxial rotor performance (for sim-
ulation and preliminary design) whereas the free
wake model will be selected for the influence of
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the coaxial rotor wake on others parts of the air-
frame or for a more accurate prediction of the
coaxial rotor performance that may be incorpo-
rated in trim analysis and vast preliminary para-
metric studies. On the other side, the rigid wake
model developed should not be considered as a
true predictive method. As a general conclusion,
the analytical and free wake model approaches
presented in this study are complementary tools
for the development of a coaxial rotor helicopter.
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