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Abstract

The lateral autopilot of an UAV is designed using
Coefficient Diagram Method (CDM). The CDM
is an algebraic control system design approach
and the design is performed by the coefficient di-
agram drawing the coefficient of system charac-
teristic polynomial. The lateral control system is
formulated as MIMO system and is divided into
beta and bank control problems by control in-
put decoupling. The controllers are successfully
designed by CDM and the performance is con-
firmed by six-degrees-of-freedom (6DOF) simu-
lation.

1 Introduction

By the recent advance of MEMS sensors and
GPS technologies, the low-cost miniature UAV
have become realisable. The flight controller of
such UAV is required to be simple and robust be-
cause of the CPU resource restriction of the on-
board micro-controller. In this paper, the lateral
autopilot of an UAV having simple structure and
robustness is designed using Coefficient Diagram
Method (CDM). The CDM is an argebraic design
approach for control system proposed by Shunji
Manabe and the design is performed by the co-
efficient diagram drawn the coefficient of system
characteristic polynomial [8]. The stability crite-
ria of CDM is based on Lipatov’s paper [4], it is
represented in the coefficient diagram.

The CDM is successfully applied to the vari-
ous applications such as attitude control of satel-
lite [6] and robotic manipulator [1]. The CDM is

very effective design approach for SISO systems.
Recently the CDM is also applied to MIMO sys-
tems. Manabe proposed the MIMO controller
for longitudinal control of a high performance
fighter using decoupling approach, the result is
compared with theH∞ method [7]. The authors
proposed an blended autopilot for a missile with
reaction-jet and aerodynamic fin [2]. Kim pro-
posed the MIMO controller of hot rolling mill
with decoupling compensator, the performance
compared with the old conventional design is
confirmed by the numerical simulations [3].

In this paper, the basic formulation of CDM is
summarised in section 2. The lateral dynamics of
an UAV is formulated in section 3, and the con-
troller is designed in section 4. The performance
of the system is evaluated by the numerical sim-
ulations in section 5.

2 Formulation based on CDM

The plant and controller are defined as follows in
CDM.

Plant:

{
Ap(s)x = Bu(s)(u+d)

y = Bp(s)x
Controller: Ac(s)u = Ba(s)yr −Bc(s)(y+n)

(1)

Where, the states vectorx, the outputs vectory,
the reference input vectoryr , the control inputs
vectoru, the disturbance vectord, the noise input
vectorn are used.

Standard block diagram of the CDM design
is shown in Fig. 1.
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Fig. 1 Block diagram of control system

The closed loop system polynomial matrix is
defined as,

A(s) = Ac(s)Ap(s)+Bc(s)Bp(s) (2)

The characteristic polynomialP(s) is defined as,

P(s) = ||A(s)||= ansn + . . .+a1s+a0 =
n

∑
l=0

al s
l

(3)
The stability indexγi and the time constantτ are
utilised as design parameters in CDM and defined
as,

γi =
a2

i

ai+1ai−1
(i = 1, . . . ,n−1) (4)

τ = a1/a0 (5)

ai is plotted in the coefficient diagram as shown
in Fig. 2. The stability index is represented as
convexity and the time constant is represented as
slope in the diagram. The lower bound of stabil-
ity index γ∗i is defined as,

γ∗i = 1/γi+1 +1/γi−1 (γ0 = γn = ∞) (6)

The sufficient condition for the stability [4] is
given as,

γi > 1.12γ∗i (i = 1, . . . ,n−2) (7)

By the use of Eqs.(4,5), the coefficientai is ex-
pressed byτ , a0 andγi .

ai = a0
τi

γi−1γ2
i−2 . . .γi−2

2 γi−1
1

(8)

In the CDM, following stability indices are
recommended [8].

γ1 = 2.5,γ2 = . . . = γn−1 = 2 (9)

In this case, the step response has no overshoot,
and the settling time is about2.5...3τ [8].
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Fig. 2 A sample of coefficient diagram

3 Lateral dynamics of UAV

The lateral dynamics of UAV is represented as
linear system by side-slip angleβ , roll rate p,
yaw rater, bank angleφ. The control input vari-
ables are aileronδa and rudderδr . The require-
ments are to follow the bank command and to
suppress excessive side-slip angle in the turning.

x =
[

β p r φ
]
, u =

[
δa δr

]
(10)

y =
[

β p r φ
]
, yr =

[
βc φc

]
(11)

The system is represented as,

Ap =




s−Yβ −sinα0 cosα0
gcosα0

V0

−Lβ s−Lp −Lr 0
−Nβ −Np s−Nr 0

0 −1 − tanα0 s




(12)

Bu =




Yδa Yδr

Lδa Lδr

Nδa Nδr

0 0


 (13)

The dynamics of fin actuators are defined as
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the first order lag as follows,

δa

δac
=

1
s/30+1

,
δr

δrc
=

1
s/30+1

(14)

4 Controller design

4.1 Characteristics of the plant

The aerodynamics parameters of an UAV [5] are
used in this design. The design is performed in
velocity 25m/s, altitude 500m. The steady state
flight condition is assumed, and the angle of at-
tack in steady stateα0 is 2.95deg. The aerody-
namic coefficients in this condition are defined
as in Tab. 1.

Table 1 aerodynamic coefficients

Yδa −0.0574 Yδr 0.1465
Lδa −126.0 Lδr 2.267
Nδa −4.968 Nδr -23.146
Yβ −0.6711 Lp -21.77
Lβ −110.56 Lr 10.48
Nβ 17.94 Np -2.82
Nr −1.095

The pseudo control inputu∗ is defined for de-
coupling between yaw and roll channel.

E1u∗ = u, E1 =
[

Lδa Lδr

Nδa Nδr

]−1

(15)

Ap(s)x = Buu = BuE1u∗ = B∗uu∗ (16)

B∗u(s) =




0.0007 −0.006
1 0
0 1
0 0


 (17)

By the use of Eq.(1), the transfer function is de-
fined as,

B∗p =




b11(s) b12(s)
b21(s) b22(s)
b31(s) b32(s)
b41(s) b42(s)


 (18)

y =
1

ap(s)
B∗pu∗ (19)

ap(s) = ||Ap(s)||(s/30+1) (20)

The denominator and numerator of transfer func-
tion are shown in Fig. 3. The negative coeffi-
cients are indicated by the sign(-) . A nega-
tive coefficient of denominator indicates unsta-
ble spiral mode. The order of controller should
be minimised to realize the simple on-board con-
troller. The structure design of feedback con-
troller is performed using this diagram.
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Fig. 3 Coefficient diagram of lateral dynamics

4.2 Yaw channel controller

In the yaw channel, the proportional plus inte-
gral feedback of side-slip angleβ and yaw rater
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are used as feedback signal. The control input is
the pseudo rudder angleδ∗r . The first order co-
efficient of b12(s) has the large value. Whereas,
the first and second order coefficient ofb32 has
almost the same value, and the zeroth order coef-
ficient has negative value of nearly the same mag-
nitude.

The design process on CDM is to find the best
combination of the feedback signal to compose
the reference coefficientP(s) defined in Eq.(3).
The feedback signal having the large negative
value is not preferable to maintain the robustness.
From this consideration, the proportional and in-
tegral feedback of beta and proportional feedback
of yaw rate are selected as feedback signal.

The controller and the system of the yaw
channel are defined as,

Bp(s) =
[

b12(s)
b32(s)

]
, Ap(s) = ap(s) (21)

Bc(s) =
[

k2s+k1 k0s
]
, Ac(s) = s (22)

Ba(s) = m0 (23)

The reference coefficients are defined asP(s)
of Fig. 4 based on the recommended form of
CDM in Eq.(8), and the feedback gain to realise
these coefficients are calculated as,

k0 = 17.26, k1 =−656.8, k2 =−115.2

m0 = 4210

The coefficients of feedback signals are also
shown in the same figure. In the coefficient dia-
gram of Fig. 4, the characteristic polynomialP(s)
is defined as the summation of the feedback sig-
nal as follows,

P(s) = sap(s)+k2sb12(s)+k1b12(s)+k0b32(s)
(24)

The effectiveness and contribution of the each
feedback signal are easily understandable by the
coefficient diagram.

Although P(s) has the negative coefficient
of the zeroth order and the slow unstable spiral
mode is still existing, it is easily compensated in
the roll channel shown in the next section.
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Fig. 4 Coefficient diagram of yaw channel

4.3 Roll channel controller

The first order coefficient ofb21(s) which is also
the zeroth order coefficient ofb41(s) has large
value. The first order coefficient of denomina-
tor ap(s) has also large value. Considering these
characteristics, the integral feedback of bank an-
gle and the integral feedback of roll rate are se-
lected. the roll rate feedback is not effective be-
cause the second order coefficient already has the
large value.

The controller and the system of the roll
channel are defined as,

Bp(s) =
[

b21(s)
b41(s)

]
, Ap(s) = ap(s) (25)

Bc(s) =
[

k4 k3
]
, Ac(s) = s (26)

Ba(s) = m1 (27)

The feedback gain are derived in the same
manner as yaw channel.

k3 = 137.2, k4 = 135.0, m1 = 134.6

The coefficients of transfer functions are shown
in Fig. 5. The time constantτ is selected as 1.07.
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Fig. 5 Coefficient diagram of roll channel

4.4 Cross-feed compensation and total sys-
tem

The inter-channel cross-feed compensationk5 is
introduced to compensate the kinematic coupling
term psinα on the side slip dynamics.k5 is se-
lected as2.5 for proper time response.

The controller of the total system is defined
as,

Bc(s) =
[

0 k4 0 k3

k2s+k1 k5 k0s 0

]
(28)

Ac(s) =
[

s 0
0 s

]
(29)

Ba(s) =
[

m1 0
0 m0

]
(30)

5 Design confirmation by the numerical sim-
ulations

Some nonlinear 6DOF simulations [10] are per-
formed to confirm the performance of the con-
trol system. The step response of 45 degrees
bank command is shown in Fig. 6. To evaluate
the effectiveness of the cross-feed compensation,
the result without the cross-feed compensation
(k5 = 0) is also shown in the same figure. The
maximum side slip angle in the transient is small

and lower than 1 degree. The transient response
is improved by the cross-feed compensation. The
bank response has no overshoot and its settling
time is about3τ.
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Fig. 6 6DOF simulation of roll step response

6 Conclusion

The MIMO lateral autopilot for an UAV is de-
signed using CDM. The control inputs are de-
coupled by introducing the pseudo-control input.
The yaw and roll channel controller is separately
designed for the decoupled system. The interfer-
ence between yaw and roll channel is compen-
sated by the cross-feed compensator. The con-
trollers are successfully designed by CDM and
the performance is confirmed by six-degrees-of-
freedom (6DOF) simulation.
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