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Abstract

With a view to obtain the optimum des.
ign of compogite plates, free vibration
and static analysis has been made using
finite element displacemenrt formulation.
The plate consists of number of layers of
orthotropic material, The lemination is
agsumed to be symmetric zbout the middle
surface of the plate. The stiffness and
mazs matrices for a rectan;ular plate ben-
ding element with twelve degrees of free.
dom have been obtained. The free vibrat.
ion analysis leads to a zZencralized eijew
nyvalue problem which has been solved by
subgpace iteration tecanicue,

Effect of orientation of fibres in a
composite plate on the naturzl frequencies
and corresponding mode shapes has been
studied. Also, the effect oZ square cut-
out in a square plate on tThe natural fre-
quencies and mode shapes ias becn obtained.
The results are presented in a graphical
form and comparisons are made with avail-
able data in literature.

1. Introduction

Composite materials, because of their
high strength-to.weizht and stiffness.to-
weight ratio, are better suited as struc~
tural elements for light weizht structu-
res 1like aircrafts and spacccrafts over
conventional m2tal congtruction. In the
case of fibrous compositzs, the propert.
ics of a structural elemcnt can be wvaried
by changing the orientation of the fibres
in the matrix without any chenge in the
amount of material consumed. Thus, when
composite materials are used, ome should
look for an optimal confisurctlon by sel.-
ecting proper orientation of the fibres
and matrix to fibre volume ratio, such
that the resulting structure satisfies all
the service criteria. i

In addition to static loads, most str-
uctures are subjected to dymamic loade as
well. Hence, apalysis of nesural vidrat-
ion plays an important role in design of
any structure. Present paper aims at ob-
taining the natural frequencies and mode
shapes of layered plates of composite fi.
brous materials using finite eclement met~
hed (displacement formulation). Pryorl '),
Mawenyal?), Hinton(?) and others have
presented the analysis of composite plates
using various finite element displacemcnt
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models. Srinivas and Rao(a) and Srinivas
et. 81(?) have investigated the free vibr-

ation of laminated platcs using ¥ indlin's(s)
plate theory. They have obtained a series
solution for the governing differential
equation. Altnough some dats is gvallable
in litersnture for fundamental freguencies
of plates of various shanes, there appearg
to be very 1little report regarding nigher
freguencies, correshonding mode shopes and
also the effect of fibre orientation on
the natural freqguencles and mode shapes in
a composite plate. Service requirements
often necessiates introduction of cut-outs
in plates and hence it is necessary to de-
termine tne effect of cutouts on natural
frequencics of such plates.

In the present situdy, a well kihown and
extensively used plate bending element was
extended for laminated composite plates of
syametric cross-—section. Stifimess and
consistent mass matrices were derived for
rectangular plate elements and were used
to obtain the nailuzal freguencies. snd
mode snenes of rectunsular plates wibth and
without cut-outs. Resulte are prosented
in graphical form showing the effeect of
fibre orientation and cub-out size on the
natursl frequencies, :

11, Pinite Element Pormulation

A laminated composite plate consiuts of
an arbitrary number of bonded plies., For
symmetric laminates, where the cross sect-
ion is symuctric about the middle surface
both in geometry and material properties,
there exists no coupling between benging
and membrene actlons and hence only bend-
ing action need to be considered for tro
nsverse oscillations.

For finite element idoalization of law
minated plates, a rectanzular non-confor-
ming element with four corner nodet and
three degrees of freedom pcr nodel 10) has
been chosen. The degrecs of freedom at
a typical node 'i' are the trensverse dis-

placement wy and the rotztions 9 X;i. zm@ eyi
about x and y axes respéctively. The po-

sitive sense of rotations is taken to be
counter-clockwise. The nodal degreces of
freedon vector {&;} for the ti'th node is
given by

(1)
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The element Jegrees of freedom vector{se}
is obtained by combining the nodal degre—
es of freedom vector of the four nodes as
follows 3

{6%) = Cioqt” 1803" 18537 641707 (2)

Tae displacement ficld (transverse di-
splacement of the middle surface of the
plate) is aseuvned to be a fourth order
polynomial in termc of twelve parameters
Siven by< 10),

2
W(X,¥) = o rapX + agi ¥ ogX ¥ agxy +

2 3 2 2
Al * agk + agX ¥ + agXy +
8 5 3
TS AR TP P (3)
= EP(X’Y)] {al (4)
where
. o & ]
EP(X’Y)] = El TV % Xy yz XO X“y
124 = ” -
xy” ¥y’ x"y };y‘)___] (5)
ond
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Thae disnlocement ficld can be expressed
in terms of the element degrees of freew

dom wveclor {6e} by writing twelve equat-
ions linking the disnlacements and slopes
at all tre four nodegs of the elements in
term of {o} « Thus, for a typical node

'i', we nave.

Wy = W(Xi’yi) = EP(Xi’yi)] {a} (7)
aW(X-’Y~)

@Xi= a;m—}-—_—_ P,y(::i’yi)j {ai (8)
ow(xy,¥;)

05,7 a; i =_[1>,X(xi,yi)]{a} (9)

where ',' denotes diffcrentiation. Equa-
tions (7), (8) and (o) can be written for
all four nodes and the resulting twelve
equations can be cxnressed in-the matrix
foria as

{6° =Cc] qu}

Combining equations (4) and (10), the
displacement field com now be expressed

(10)

in terms of {6e} as

w(x,7) = Eﬁ] {6°} (11)
where
[#] - [P Col™? (12)

The generalized strains for a plate
bending probleis are the curvatures L

k. and & These can be expressed in

y xy*
terns of {a} as follows 3
ézw :
k= - —-gax = EP,XX] {a} (13)
e = - L% - Ce .0 (14)
y T T s T FE el
azw
ey =~ sy = 2LExyd tep (19)

Gouations (13), (14) and (15) can be com-
bined and written in the matrix form as

ft2=[B] foy

where

(16)

T
tep= [ kg k] (17)

The material matrix [ DT} for plate
bending problem rclates the moment vector
{k} 4o the curvoture vector {4} through
the relation

fuey = Tk} (18)

where
) i o A T
{p= [, L I&;ij (19)

In case of laminated composite plate, the
matriz [ D] cen be shown to be(3),

I=1

3 3
n gz. - Zs -
Co] = ¢ =+—2 T3] (20)

where n is the total number of layers and
z4 is the g-coordinate of the botton sur-

face of the ith leyer as shown in Fige 1.
2
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Pig. 1. Cross Section of Symmetric
Laminated Composite Plate
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The matrix [ @°_) relates the stresses
and strains in x.y coordinate system of
the ith layer according to the eguation

foty = [P 1ely (21)
where ) .

{r*s = [ r; 3 17t (22)
and

te't = [el e 70" (25)

The superscript 'i' in equations (21),
(22) and (23) refers to ith layer. The
elements of the matrix [ 3> ] depends on
the material properties of The ith layer
and also on the orientation of the fibres
in ith layer with respect to x-y coordin..
ate system. The explicit expression for

[ 3*] can be found in Ref. 3.

The element stiffness matrix [ k, Jean

now be expressed as( 10)

[k, I=(CoTI " L3I [R5 =

Cedt(es)
_ The element mass matplc [ne'_'[ is
glven by

Cm,J= (CoD"BUICRT" [2Jan) +
a(J‘;fEP’X]T [:R’j_,_]dA +
JiCe 1% Ce,yJany ] Lol

(28)
where ~
n zo - z:? :
@=L (et )y p (26)
1=
and
n
A= 151 (25,4~ z3) £3 (27)

The integrations in equations (84) and
(28) are to be carried out over the enti-~
re area of the element.

The element stiffness ond mass matrices

are then ' 'assemb]_._ed"(lo) to form plate
stifj“ness metrix [ X_| end mass matrix
EM .

The natural freguency and correspmd-
ing mode shape of free wvibration can now
be obtained by solving the generalized
algebraic eizenvalue problem(10)

CxJiar = [ulial

where, @ 1is the natural frequency in
radians per second and {4} is the global
displacement veetor which gives the mode

(28)
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‘specially orthotropic

shape of free vibration. In the present
study, the first few eizenvalues and co-
rresponding eigenvectors were obtained by

method of sub-gpace iteration( 1).

III.Results and Discussion

Natural freguencles were obtained for -
rectangulayr laminated composite plate of
symmetric cross-section and square plates
(isotropic, orthotropic and laminateqd)
with square cut-outs. Naterial properties
acsuned for obtaining numerical results
are (i) Isotropic-with ¥ =0.3, and (ii)
Glass Bpoxy (orthotropic)-with EI/EQ= 540y

G12/32= 0e5y Vo= 0e25.

The finite elcment
mental freguency of a

solution for funda-
sinply supported
plate was compared
with available cloged form solutionid).
The relative error wog found to reduce
from 5 to 1 percent oz the number of cle-
ments were incressed from 9 to 6%4. Simi-
larly, the error in static deflection of
a simply supporbted square isotroplc plate
with conc-ntroted lond at the centre was
found to be 2 percent for 25 element
solution .

Rectanzular Plates

Rectansuler nlates under comsideration
hes an aspect ratio 1.5. The nlales con~
sist of three layers of Glags-ipnoxy of
equal thiclkmess with fibres in the central
layer parallel to the longer edge. Fizs.

2 and 3 show the variation of normalized
natural frequencies of simply supported and
clamped =~ plates respectively with change
in el, where 9, is the orientation of the

fibres in top and bottom layers measured
from the longer edge of the plate. Also
shown in the figures are the corresponiing
mode shapcs at 91=o°, and el=90° .

"

It may be observed from Figs. 2 and 3
that, not only do the frequencies chanie
with chenze in orientetion of the rfibres
but the corresponding mode shapes alg
change coptinuously with change in o

res,
o
.

oy

Tor exesmnlc, the mode ghaope corresponding
to m=2, n==2 at el=o changes continuously
with change in 91
ponding to m=3, n=1 at 91=90° ond vice-
versa, both for the clamped and the sim-
ply supported plates. Similarly, in

Pig. 3, it may be observed that the mode
shape corresponding to m=3, n=L at 6 ,=0

and becomes ON€ Ccorres-

changes continuously with change in 01
and assumes a form corresponding to m=4,
n=1 at 91=90° . An adaitional feature to

be observed from these graphs iz the in-
tersection of the curves, which indicnte

that the order of the frequencies



correspondin; to two distinct mode shapes

mnay mtercnan ¢ with a change in fibre

t4ode shapes at 9|-0. & oy90
are as shown

90
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3o me?
M}
ey
ot
.
o 60 90
i e 2e Voriotion of &° with 0,
Simply Supported
. Plate; Aspect

Mode shapes at 80 & 6=90
3re os shown

. s ~ =0
Fig.3. Varistion of w

with el.
(Rectengulur Clemped Laminated

Plate; Asnect Ratio 1.5)
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orientation. I
fizures that,
m(_bnlwde of n'c;.,u rel freguencleg with a
variation in fibre orler\m,tlon, is
when the fibregs
mately 45° to the edges compared to the

el to the ed:es.

aspeot ratio 1, 1.5, 2,
ture was

meter is

mpo"v with f£i

botton lzyer

¢ 18 oboervcd from these
in (eneral, the chenge in

higher
ore oriented at approxi-

chembe, when the fibres are nearly parall-
For simply supnoried and
sane croso sectlon and

siniloy fea—

clamped olc»’cev of
2«5,
also ob.,erved .

to ctudy the effect of cuntr-
square cut-cut in simnly sup-

In order
ally placed

ported sauare nlates on the naturel Fre()..
uencles of vitwotion, plateg of Aifferent
cross sectione were congidered. The vare

iation of matural fre: {ucncms vith change
in cut.out parrmcter, where cut-out para-
definecd es the ratio of length of
cut—out (b) to 1cngtn of the plate (a),
are ghown in Figec. 4, &, € and 7. Pig. 4
refers to an isotrOpic plate., Pig £ and
6 refer to oLthotropic plates of Glass-
breg oriented at 00 and 45°
espéctively with an edge. Pig. 7 refers
to g laminated plate. coneisting of three
layers of Glags-zpoxy of equal thickness.
The fibres in the central leyer are para-
1lel to en e};;c oand those in the top snd
rs are oriented at 459 with the
same cdge. Algo ghaown in these fijures
are the corresponding mode shaopes ot
b/a = 0.0 (platc without cub-out).

2 oa
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Pig. 4. Variation of & with cut-out
paramcter (Isotropic plate)
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Pig. E. Varistion of & with cut-out
parameter (Ortuotrosic plate,

Er e

bres parallcl to zn edge)

o [ .
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00 02 TR 06 8
b/
Fig. 6+ Variation of @ with cuteout
paremeter (Crthaotronic plate,

Pibres at 45° with edges)

In these figurecs too, we observe the
intersection of curves corresponding to
two distinct mode shap 1ich indicate
that the order of fre:ouerncles correspond-
ing to two distinct mode chape may get
interchanged with chanse in cut-out dim-
ension. Hatural freguencles are, in most
cases, fouwnd to remain felirly constunt
for small cut-outs, that is, for cut-out
parsmeter between 0 and 0.2. As the cut-
out dimension is increased beyond this -
limit, the change in natural frequencies
become ,appreciable. IFor those mode sha-
pes corresponding to which the frequency
decreases with increase in cut-out

e

coow
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T
A

02 0%

b/a

‘ cut.out
rmeter (Leaminated plate)

dimension,
occur witen

mininum frequency is found to
the cutwout parancter is ann-

roximately equal to 0.E. 3Beyond this liw.
mit, the freguencics corresponding to al-

most all the mode i
crease . The mode
chanse in cuteout

once are found to ine
nes nloo deform with
diménsion.

o
[

Por isobropic sguoare plates withoult any
cut—out, the fregquencies corregponding to '
node shapes with m Sy n 1 angd m 1,

n = 3 are identical. Hence any linear

o
combination of these mode shapes is also
a mode .shape of notural vikbrelion with
same freguency. Two such linear combina~
tions, which are also orthogonal to each
otier are (1) a mode chape with circular
nodal line and (ii) a mode shape with
disgonsl nodal lines, On introduction of
a square cubt-out in the plate, it is obs-
erved from Fig. 4 that, two modes of vib-
ration with circuler nodal line and dlas—
ongl noda2l lineg oxit with distinet fre-
puencles. Ioge shicpt corresponding to

heA

W

=293, n =1o0rmn 1, n = 5 no longer
exist for olates with cuteout. It is alco

observed that, whereas the frequency core
responding to a mode shape with circular
nodal line inecr 5 with incrcase in cut.
out dimension, th
mode ghepe with &
créases with iner
ion.

at corregponding o
iggonel nodal lines de-
cace in cub-out dimense

-
s

In Teble 1, the finitce element solution
for fundamental frequency of lgotropic
sguare plate with a square cub.out is co-
mpared with the results presented in
Ref. G. v

IVv. Conclucions

In-this paper, an attempt was made to
study the natural vibretion of composite,
orthotropic and isotropic plates with and
without cut-outs.



The results presented in the previous
sectlon indicate thusi, not only do the
naturel freguencicec vory with varlation
of different purémeters, but the corres-
ponding mode shepes vary as well.

bration, it is not gufficient to just se-
parate the natural fresueney and the fre-
guency of the forcl function by suita.
ble choice of a parameicr, but the corr-
esponding change in the mode shape nmust
be token into aeccount in choosing a pro-
per parsmeter. For exmmple, a structure
supporting a platc or & mechanism suppo-
rted on a plate are ofien designed by
takirg into considercotion the mode shapes
of vibretion, Thuz o chenge in any plate
parsmeter may necessinte a redesizn of
entire structural systom.

In case of compouite plates, it is
seen that the matriz [T D], appearing in
the expression of stiifness matrix, chan-
ges with a change in orientation of the
fibreg. All tne other matrices that are
used for deteruinicet lon of stiffness and
mass matrices are invarisnt to the change
in fibre orientation. Yence, it is expe-
cted that there may exist a correlciion
between the change in the matrix [C 7

and the change in wode chapes and frequ-

encies. Some more ptudy nas to go into
this aspect of the problem.

Table 1

Comparison of non-dinmeunsional frequency
of a simply supportcd isotropic plate

P———

Cut-out 040 04167 04333 0.5

parameter

Ref. 6 10.63 1048 21.45 26.05

FEMN,

3 01\117101'1 19 o6 19 .6 20 Nele] 22 « GO
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- Length of a sguare plate.

~ Length of a gquare cut-out in a
square plate.

- Element of matrix [ D] belonging
to second row and second column.

o - Value of D22 with 8; = 0 in all

layerse.

-~ Length of shorter side of a rect-
angulsr plate (parallel to y-
direction)e

- Orientation of fibres in ith layer
measured from x-axis (parallel to
longer side of the plate).

- Density of material in 'i'th layer.

- Hatural frequency in radians per
second.
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