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Abstract

A numerical method is developed for the
calculation of the wake vortices behind
lifting wings. According to modern three-di
mensional methods, discrete vortices are
distributed on the camber surface of the
wing and upon the wake.

The rolled-up vortex sheet is obtained
by a convergent iterative procedure. Diffe-
rent numerical schemes investigated are
compared for obtaining smooth solutions
and minimyzing computer time.

I. Introduction

A method is desgscribed to evaluate the
vortex sheet location behind lifting wing
in subsonic potential steady flow. Several
numerical problems have been checked to
find a general method of solution and, at
same time, non expensive for the computer
running cost.

The method is from an arrangement of the
VLM (Vortex Lattice Method) with the known
assumption that the free vortices coincide
with streamlines leaving the Trailing Edge
(E.) .

The non linearity of the wake problem de
pends on the unknowledge "a priori" of the
wake correct location itself. Since the
bhoundary external to wing - where the kine-
matic condition must be applied - is unk-
nown, an indirect iterative numerical me-
thod of resolution needs. The kinematic
condition , as well known, requires flow to
be tangential to the vortex wake boundary:
this imposition prevents flow through the
wake boundary which is a streamline,

The basic numerical problem associated
to non linearity is to get a rapid conver-
gent simulation of the boundary surfaces
at each cycle of computation and this fol-
lows from spanwise panel distribution,
kind of streamline equation, integration
technique and so on.
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In this paper all the above mentioned
open problems have been critically investi
gated within systematic numerical experi-
ments. The final result is a general methad
easy to use, not expensive for the compu-
ter running cost and directly expanding to
different three-dimensional flow conditi-
ons.

II. Description of the method

Since the basic equations and the sin-
gularity techniques for the numerical so-
lutions of two- and three-dimensional po-
tential flow are well known,let us consi-
der, for brevity reason, the principal points
of a potential wake computation:

- A convenient initial vortex wake is
assigned.

I) The
ces

strengths of the bounded vorti-
are calculated, see fig. 1.

II) The streamlines leaving the T.E. in
the same points from which the free
vortices start, are determined.
III) The wake vortices are disposed on
the streamlines obtained by the step
I, see fig. 2,

Iterating steps I, II, III until the
free vortices sheet position doesn't change
any more, the solution may be reached.

A part from some small variations due
to Kutta condition imposed according to
Mangler and Smith [9], the wake location
doesn't seem to depend on the accuracy of
the wing surface singularities simulation.
So an "exact" three-dimensional wing panel
method doesn't need; however following the
preliminary discussions and the results
obtained for cambered wing sections [19 &
21], in the step I bounded vortices and
fixed control points are not situated on
the planform but on the camber surface



wing. Till now the method has been applied
to thickless wing.

When the strength of the bounded vorti-
ces are obtained - in each cycle - it's
possible to evaluate the induced ve1001ty
components in the wake control points P
see fig. 2:

“ow Gl vy o5)
v = ’U'(XLJ'YL‘J-'Z;J') ( 1)
W W(X‘JIY"J-/Z‘.J)

and the derivates:

l

AZ e X = Y-

I(‘ 4 ( Jd s Y"J I'Z"J)“ 'U ( 2)
dy _ v'{x: - ol

E;" )/ (X‘J ) y‘J/ ZQJ):z '%g
where:

= Vo d W &= Ve
Vo= oy + V
W: Vnoz+ w

are the components of the free stream velo
city Vo 1in the points PQ. The equations
system (2) - which represent the stream-
lines - has the following initial condi-
tion at the T.E.:
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where NS is the number of strips in which
the wing has been divided.
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Integration equations (2), the stream-
lines leaving the T.E. are determined.
These will form the wake boundary for the
next cycle.

Several integration techmnigues for the
equations (2) have been investigated: the
two most significant are described below.

A, Full Lattice Integration

In the firts techniques named "full lat
tice" (FLT), the induced velocities are
calculated in all points P> of the wake

lattice - at the cycle k — 'and the stream—
lines are integrate by the formulae:

k_- k 4= _Y_- xk—i e
LJ YL-L,J U 6-1_"; /

where:

) o
AXC-1= xu‘s C—:.,J.

Here and in the following the superscript
(°) refers to the position of the initial
wake configuration. The abscissae of the
points P:i are supposed to be always the
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same during the iteration process.

Fig. 3 shows the wake rolling-up "story"
at the station x/cR = 6 for a rectangular
wing with AR = 6 and angle of attack o =10°,
Another example of the iteration scheme is
shown in fig. 4.

B. Row by Row Integration
The second technique, the "row by row"
(RRT) is the following.

At the first cycle, considering - for
example — a planar wake parallel to Ve ,
the velocity in every points P:,j (j=%
NS + 1) at the T.E. is calculated. Note
that the T.E. points are fixed at every
cycles. Hence, from the equations (2),
displacement of the fOlntS Pe ; akd then
their new p051t10n.% (5 =1, fis+1) is
obtained. /4

Keeping unaltered the strengths of the
singularities, the free vortices are dispo-—
sed from E to f;"; , and from R:J to
infinity ifl the same direction of y,, ,see
sketch (a) of fig. 5. By this confi
tion the velocities in the points P, ,; are
computed and then the positions ofP1 are
determlned «e. and so on till the p01nts
PHvai,J of the last considered row.

Sketch (b) of fig. 5 shows the situa-
tion af cycle k> 1 when the velocity at the
point P,S are calculated. In this case the
polygonal vortex line (P° 1 el e g

Pk ! Pk 1‘ k-4, is: considered.
i A--tiJ / L+2,J "')
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III. Numerical results and

fundamental aspects of the method

In the figg. 6 + 9 some results obtai-
ned for planar and flapped wings are pre-—
sented. Fig. 10 shows a comparison bet-
ween the final result obtained by the two
integration techniques; the difference is
essentially due to the different number of
panels employed. But it is necessary to
observe that the cycles number 1s higher
for the FLT: nearly twice for the same num
ber of wake panels NW. -

Fig. 11 shows the CPU time/cycle versus
W for the UNIVAC 1106 system.

Fig. 12 shows the very high convergence
speed of the RRT which other is very sensi
tive to the spanwise panel distribution as
we'll see below.

In the fig. 13 1s represented the rol-
ling—-up "story" obtained by the FLT for a
non planar wing withAR = 3 at o = 10°, It
shows slow convergence speed but, at same
time, good convergence in spite of the con
fused evolution of the rolling-up in the
first three cycles.

For the FLT, starting from a non planar
assigned wake, numerical tests have shown
that higher convergence speed, but someti-
mes less smoothness in the solution, can
be obtained. The reason may be explained
as follows.,

The sketch (a) of the fig. 14 shows the
position reached by the points P:J (=1,
NS+1) — at the first cycle - when we start
from a planar wake. In fact, the induced
velocities are all parallel to the z axis
and determine stronger displacements along
z axis as station x increases (i7>) expe-
cially at the wing tip.

Now in the RRT, yet at theifirst cycle,
the locations of the points P;,; (and hence
the associated induced velocities) follow
more rapidly the true wake configurations.
Their displacements induce velocity compo-—
nents along y axis which accelerate the rdl
ling—up process, see sketch (b) of fig. 14.
However with RRT the y-components may cau-—
se jump=s and/or cross—over of the rolling
sheetes (see for example fig. 15) if an
approprigte spanwise division isn't used,
as shown later.
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A proof of the higher convergence speed
explanation is from the FLT results for a
flapped wing which reaches more rapidly
(three cycles) the final convergent wake
solution than a planar one (seven cycles)
with the same R and & , of figg. 7 & 8.

IV. DNumerical problems

A, Spanwise panel distribution criterium

For the RRT the spanwise division cri-
terium is determinant to obtain a smooth
solution for rolled-up vortex sheet, with-
out jumping or escaping points and cross—
over,

Generally the spanwise cuts must be
thick at the tip of the wing. In this re-
gion indeed we find strongest variations
of vorticity y=d[’/dy which determines the
rolling-up process. Since the free vortex
strength is dr it i1s plausible to choi-
ce the spanwise panel distribution in the
manner that dU=d[/dy dy‘ = Ydy = const.
Otherwise non regular solutions for the wa-
ke may happen., In fact this assumption as-
sures, at least, that the velocities indu-
ced on two contiguous free vortices, at a
given downstream station x, are of the same
numerical magnitude. With &I = const.
standard spanwise division formulae may be
obtalned in the following manner.

For a given circulation distribution
C(y) on a wing semispan (=1.) the total
I} is given by:

f‘t:fia’(y)dy

(5)

where a/(‘/')'-“— C’lr(‘l)/dY

vorticity.

is the free

Subdivide now the wing semispan in NS
strips so that for two contiguous stations
Y. and y. will be: ‘
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For solving this equation we may suppose
that the derivative of the function
has an exponential pattern:

1= ( 8)
By (8) and (5)
k= (p+t) Lt ( 9)
and from (6):
qu—i d ]-‘;:
. rly} 2y = i (10)
13
By putting (8) and (9) in (10) we have:
1
Y I R ¢ 2 i e 1
Y [E vy, ] P (1)
or: i
ks Vet d
Hen= (NS > (12)
with y=0 and y . =41.
Posing for simplicity: =0,1,2

respectively, we obtain three different di-
vision laws A, B, C sketched in fig. 15.

Fig. 16 (a - b — ¢) shows several rolls—
up obtained by RRT with A, B, C division
laws. Numerical experiments have shown C
law division most convenient from the com-
puter time point of view.

However when the strips number NS incre-
‘ases beyond a certain limit Ns* (depending
essentially on R and « ) no smeoth curve
solutions appear, see fig. 16 (4). '

B. Streamwlise and chordwise panel distri-
bution. C1, computation

The streamwlise panel distribution on the
wake 1s much less critical than spanwise
division as it results from the numerical
experiments. Four streamwlse panels are
sufficient for 1< x/c < 1.5 .

For the rolled-up vortex sheet evaluatim
the number of panels per strip on the wing
] not great influence, expecially for an
uncambered wing since the wake location de-
pends essentially on the spanwise more than
on the chordwise load. The chordwise panel
number influence on thelq(y) distribution

is well known from VLHM.

That the free vortices exact position
doesn't affect the wing values may be seen
from Table 1,

CYCLE cy,

0 . 16306
JTEIRT
. 76205
.76310
. 76278

Do =

TABLE 1 Cj, VARTATIONS

V. CONCLUSIONS

The
and it

described method appear easy to use
can be placed among the three-dimen
sional methods for the aerodynamic analysis
of the airplanes (from the VLM to the
Three—dimensional Panel Method). It can

be extended to other three-dimensional po-
tential flows.

Two different numerical schemes (FLT &
RRT) for determining wake locations have
been examined and compared. The principal
results of this study are:

— With the FLT technique regular rolling
-up vortex sheets are obtained, but
the convergence speed is low if an op-
portune initial wake configuration
ign't uged.

— Indeed with RRT approach no smooth
and/or convergent solutions are availa
ble if "non suitable" spanwise panel
distribution is used. Conversely if it
is convergent, the computing time is
about 1/2 of the FLT technique star-
ting from a planar wake.
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VITI. List of symbols
R aspect ratio
c chord length
Cg root chord length
K constant in the free vorticity
assigned law
MW number of horizontal streamwise
wake strips
NC number of chordwise panels on the
wing
NS number of vertical spanwise wing
strips
P point of the wake lattice
Xy V42 reference coordinate system
U, V,w velocity components induced by
bounded and free vortices
u,Vv,w total velocity components
Ve free stream velocity vector
d angle of attack
g free vorticity law exponent
Y free vorticity
I circulation around wing section
§ vortex core diameter
Ax streamwise stepsize
Ay spanwise stepsize
A taper ratio
A swept angle
Subscripts
A refers to j-th point of the wake
lattice counted from the trailing
edge on i-th vortex of the wing
span
LE refers to leading edge
TE refers to trealing edge

Superscripts

k

refers to
iteration
refers to
to x

refers to
guration

the k—-th cycle of the
the derivative respect

the initial wake confi-
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Va
A =0°
8f::1(f
| NC= 4
| NS=29
-
| 07
15
2
|
5 1.0 1.5 2.0
| ,
x/Cn: 4 s
5 1.0 15 2.0

Fig.8

|
X/Crz6.

Rolling-up examples for a flapped rectangular wing.
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R = 4 NC=-4

Aye= 35.5 NS=- 29
A = .6
d = 5°
6 = 15°
0 5 1. 1.5

e . ity 5

Flg. 9 Rolls-up rear view for a tapered swept flapped wing.
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— RRT technique NS=32
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a FLT v NS=23
Y 4
A AN
0. |—...
et s 2 Y Y o ve A A la ik |
|
X/Ca: 2.
Y 4
0.
A A : A A
X/Cq 4.
Z
0.
T Ay 4 2
1.5 2.0 25 3.0
X/Cr=6.
Flg 10 Comparisons of results between FLT and RRT techniques.
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Flg12 RRT technique: rolling-up''story‘'.
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Fig13 Rolling-up "story' for an unplane wing with R =3, a= IOO,
at x/cR = 5 by FLT technique.
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z‘T R = 3

o = 10°
(a) Q =

X/Cz7 3.
NS = 20
m = 6
a = 10°
X[C= 5
NS=- 32
MR = 6
® = 10°
X/Cz s.
NS =20
Mm =3
d = 10°
X/CR= 3.
NS =32

Flg 16 ReT technique: rolls-up obtained by panel distribution types
A (0), B(A) and C (continue line).
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DISCUSSION

V.L. Marshall (British Aircraft Corporation,
Weybridge, U.K. ): Some of the wake Locci cal-
culations presented showed marked sharp curvatures
in the cross-plane. This was noticeable with in-
creased distance downstream and in addition was
particularly strong when partial span flaps were
introduced to the wing. The viscosity is expected
to rationalize the pictures predicted by the com-
putational model, so how accurate can we expect the
results shown to be; for example in showing wake
vortex core separation?

A. Mattei and E. Santoro: I agree completely on the
fact that viscosity is expected to rationalize the
pictures predicted by the method, especially for
flapped wing, at large downstream distances. How-
ever,the aim of the work is not to compute the real
wake versus time but to prepare an effective 3-D
method that :

(a) Resolves the potential wake problem in the manner
that one can obtain stable and smooth rolling-
up solutions.

(b) Is useful for downwash computation on the tail
in high lift configuration for which a 2-D app-
roach fails and the viscosity influence is not
noticeable.

(c) Is able to be extended (e.g. Jet-flapped wing,
low R wings...).
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