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Abstract  

Mathematical model of aerosol flow with non-

spherical ice crystals was proposed. Algorithms 

were developed in order to determine non-

equilibrium aerosol flow with supercolled 

droplets and ice crystals parameters in wind 

tunnels via laser sheet images analysis. 

Numerical algorithms were developed in order 

to calculate carrying gas parameters fields 

(velocity, temperature, pressure, etc.) via 

processing particles’ velocity fields. Differences 
between velocities of particles and gas were 

taken into account. Examples of application of 

technologies are presented. A system and 

numerical algorithms of image processing 

(inverse problems’ solutions) were developed in 
order to visualize two phase flow and to 

determine particle and droplet concentration 

(mass, volumetric and numerical) as well as 

their size distribution in laser sheet plane near a 

solid body in aerosol flow. Stability of inverse 

problems’ solutions were proved and 
investigated. A method of calibration was 

developed. These methods which are devoted for 

two phase flow parameters determination were 

developed to take into account some essential 

physical effects. Mathematical models of 

scattered light propagation in multiphase flow 

were developed. 

1. Introduction 

Multiphase flows play significant role in 

technology [1,2], nature and life of human 

beings, in particular, in icing wind tunnels [2,3]. 

Although in most cases particles are assumed to 

have spherical shape in aircraft icing and icing 

wind tunnels, as a matter of fact, shapes of 

particles are far not spherical ones [4,5]. In 

present paper mathematical model of two-phase 

flow with non-spherical particles is proposed in 

terms of continuum mechanics equations. 

Particles-based methods of flow diagnostics 

enable to restore flow velocity vector fields in 

3D space and its evolution in time as well as 

some derivatives of this field[6–8]. Increase of 

information which is taken from wind tunnel 

experiments enable to reduce costs of these 

experiments and improve precision of the 

results[8–11]. In present work methods of flow 

parameters optical diagnostics were developed. 

2. Mechanics of aerosol flow with non-

spherical ice crystal 

In spite of the variety of drag coefficient models 

of single non-spherical particles motion (e.g. 

[4,5,12]) in a fluid numerical simulation of two 

phase flows with billions of non-spherical 

particles or ice crystals in a frame of continuous 

fluid is still problematic. In present paper non-

spherical particles’ behavior is described in 
terms of pseudodiffusion coefficient DNS. 

Direction and magnitude of a force which acts 

on non-spherical particle in moving gas or 

liquid depend on particle’s orientation. Let us 

determine the average force vector, which acts 

on non-spherical particle: 

 








ddd

ddd,MRe,
)M(Re,A

,,F
F . 

This average force depends mainly on Reynolds 

and Mach numbers (Re and M correspondingly) 

of the flow near the particle. Root-mean-square 

deviation of this force also depends mainly on 
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Mach and Reynolds number of the particle in a 

flow. As a result, the following equation could 

be written: 

 









ddd

ddd,MRe,
2

AF,,F

NSF . 

Having root-mean-square deviation of the force 

which acts on non-spherical particle the non-

spherical particles’ scattering (pseudodiffusion) 

coefficient could be obtained: 
p

F
D




 NS
NS . 

Here ρp – is a density of particle’s material. 
Scattering of non-spherical particles leads to the 

appearance (in two-phase flow motion 

equations) of additional mass flow: 

     V

p

V

p

V

pm D /NS

DNP
q . 

Neglecting phase transitions and collisions 

between particles equations aerosol flow motion 

will be following ones: 

1. Mass conservation equations:  

  DNP
mp

V
p

V
p

t
qV 




 – for non-spherical 

particles’ mass concentration V
p . Here Vp – 

vector of particles’ velocity, t – time. 

  DNP
m

t
qV 




 – for gas density ρ, here 

V – gas velocity. 

2. Pulse conservation equations: 

pmp
p

V
ppV

p
mt

VqF
V

DNP

d

d



  – for particles. 

VqFP
V

m 


 DNP
^

d

d
p

p

V

p

mt
 – for gas. 

Here ppp am  3

3

4
 – mass of a single particle, 

where ap – is a radius of a sphere whose volume 

equals a volume of non-spherical particle, Fp – 

force, which acts on particles from gas. Various 

kinds of mathematical models for this force are 

given in [14,15]. According to simple physical 

estimations and numerical calculations for 

particle’s motion in a gas the dominant force is 

drag force  
ppD

p

p C
a

VVVVF 



2

2

, CD – 

drag coefficient. The first component in the 

right side of pulse equation for gas is viscous 

strain tensor: 
^^^

2 ESP b , where strain 

tensor rate: 

  VVS
2

1

2

1^

, 
^

E  – unity matrix, ȝ –

dynamic gas viscosity, V





 





33

2
Pb , P 

– gas pressure, ζ – volume viscosity. 

3. Energy balance equations: 

p
p

V
pp
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p

V
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p Q
mmt

e 

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2d
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2
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p
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non-spherical particles; 
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e
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
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 . 

U0 – internal energy of particles, C0 – specific 

heat capacity of particles’ material, Ȝ – is a gas 

heat conductivity coefficient, Tp – temperature 

of particles, T – gas temperature. 

  Pr),Nu(Re2 TTaQ ppp  – heat flux from 

gas to moving particles, where 

3

1

2

1

PrRe
2

1
2Nu p  – Nusselt number, 

Re=2apρ|V–Vp|/ȝ, Pr = ȝCp/ȝmȜ – Prandl 

number. 

A described above system of equations could be 

used for simulation two phase flows with non-

spherical particles or ice crystals. 

3. Flow parameters reconstruction via 

droplets’ and crystals’ motion analysis 

Measurement of particles’ velocity in a laser 
sheet plane may give information about gas 

parameters[6–9] with a required precision. The 

simplest way of gas velocity field (which may 

significantly differ from particles velocity field) 

correction could be connected with well-known 
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Stokes’s drag coefficient model (CD = 24/Re) 

which could be applied for small differences 

between particle and gas velocities, and as a 

result small Reynolds numbers Re. In this case 

because of small influence of temperature on 

particle motion in the gas in many practical 

problems there is no need to calculate density 

(because its influence on particles’ motion is 
negligible when Re is small) field and the 

correction procedure may be expressed by the 

following equation (which takes in account 

unsteadiness in comparison with[15]: 

  Rpp
p

t













 VV

V
VV p

. 

 

 
Fig. 1 Particles velocity distribution [16,17] and 

gas velocity distribution which was obtained via 

particles velocity vector field analysis.  

Here 





9

2 2
pp

R

a
 – particles’ relaxation time. 

In a stationary flow temperature field could be 

obtained from gas velocity field, neglecting 

viscous effects from the following expression: 

V

VVVV





















2

2

1
)(

R
T m . 

Here ȝm – gas molar mass, R – universal gas 

constant, γ – adiabatic index. The derivation of 

the last formula is given in [8] as well as 

expressions for pressure, and density 

distributions. 

In order to make a correction for the difference 

between particles’ velocity and gas velocity 

more complex models (in comparison with 

Stokes drag coefficient model) may be used 

(e.g. [13,14,18]). Although Stokes drag 

coefficient model couldn’t be applied correctly 
for big Reynolds numbers of flow around 

particles, (e.g. for high velocity gradient and 

low density flows[2, 15,16], e.g. supersonic 

flows in shock wind tunnel and for flows with 

massive droplets or particles, e.g. in icing wind 

tunnel[2,3,8,9]) it is not necessary to take into 

account compressibility of the flow. In present 

work evolution of gas density, pressure and 

temperature were taken into account. Thus gas 

parameters (gas velocity, density, temperature 

and pressure) were restored on wind tunnel axis 

(Fig. 2). The description of wind tunnel 

experiment is given in [17,18]. The method was 

described and tested in [8,9]. Experimental data 

which was used to verify algorithms was taken 

from [16]. Fig. 2 illustrated that distributions of 

gas flow parameters could be restored via 

particles’ velocity field analysis and additional 

information about gas parameters in settling 

chamber – which is far away from wind tunnel 

working section.  
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Fig. 2: Examples of gas parameters’ 
distributions along wind tunnel symmetry line 

which were obtained via particles’ velocity field 

analysis. From top to the bottom velocity 

(particles’ velocity is green), density, 
temperature and pressure. Curves 1÷4 

correspond to different models of particles’ 
motion which were used for particles’ image 
analysis. 

4. Panoramic nephelometry of polydisperse 

flow 

In aircraft icing wind tunnel investigation a 

problem of uniform distribution of supercooled 

droplets and ice crystals along the section of 

wind tunnel becomes essential. The method of 

particles’ concentration and sizes distribution is 

described in [8–10]. The plane-parallel laser 

sheet was formed and used in order to simplify 

image processing and apply methods of inverse 

problems’ solution in image analysis[8–10]. 

 
 

Fig. 3: Comparison of two-phase jet atomizers 

Example of 2D diagnostics of particles’ 
concentration distribution is given in Fig. 3. In 

comparison with [19] algorithms which are 

described in [8–10] allow to take into account 

extinction of propagating light (through two-

phase flow) and to determine particles’ size 
distribution in laser sheet plane. 

5. Calibration of measurement system 

Nephelometrical measurement system could be 

calibrated via comparison between gas intensity 

of light on the laser sheet image and particles 

concentration which is obtained via weighting 

them and measurement their sizes through the 

instrumentality of electron microscope. Way of 

calibration of the measurement system is 

described in [8,10]. 

6. Conclusion  

Methods of optical diagnostics of two-phase 

flows parameters (including supercooled 

droplets and non-spherical ice crystals 

concentration and sizes distribution) were 

developed and used for wind tunnel experiments 

Mathematical model for aerosol flow with non-

spherical particles was proposed. 
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