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Abstract  
A meshless scheme is considered to be a useful 
method for analysis of the flow around difficult 
geometry in Computational Fluid Dynamics 
(CFD) field. For example, moving boundaries or 
highly-complex body. In order to analyze such a 
complicated flow, a meshless point generation 
technique for the unsteady flow around the 
multiple body including movement is developed 
in this study. Then, using the developed meshless 
point system, numerical analysis of unsteady flow 
considering the multi-body are carried out.  

1  Introduction  
Generally known finite volume method (FVM) 
in Computational Fluid Dynamics (CFD) 
requires mesh as a computational domain. In 
recent years, practical engineering application 
has been required in the field, along with the 
achievement of high performance of computing 
power. However, when using mesh-based 
method, it is known to be hard to handle the mesh 
for complex geometries. Moreover, considering 
a moving boundary, the problem become more 
crucial. It has been regarded as a conundrum for 
the researcher studying CFD. In order to alleviate 
the burden of generation computational domain, 
many kinds of methods have been suggested. For 
this reason, A meshless method has been studied 
some researchers [1]. As the name indicates, 
meshless methods only requires clouds of points. 
As mentioned before, research about meshless 

methods aim to develop the technique which is 
available to highly-complicated geometries, 
Such as separation motion of shroud. For the sake 
of development of meshless methods considering 
moving boundaries, some researchers have 
studied for meshless method for unsteady flow 
including movement [2], [3]. However, previous 
research have not considered all kind of moving, 
such as 6-DOF motion or large displacement. 
Consequently, point generation technique which 
considers a wide variety of moving problem is 
developed in this study. In order to treat the 
moving points efficiently; two point systems are 
suggested. The prismatic point system and the 
background point system. The prismatic point 
system is generated along the wall boundary. Its 
concept is same as in the prism layer in the 
unstructured grid [5]. This point system is used 
for efficient treatment for the moving point 
system. And the background point system is 
generated using Cartesian grid point. Using two 
different point system, computational domain for 
the unsteady flow considering multi-body is 
generated. For validation of the developed 
technique, an analysis of the flow around 
pitching NACA0012 airfoil is carried out and the 
results are compared with the AGARD [6]  CT 5 
test case. Then, in order to verify the applicability 
of the multiple boundaries, the simulation of the 
flow around a multi-element airfoil with flap 
deflection is also carried out. The Williams 
airfoil (Configuration B) [7] is selected as 
validation case. And the results are compared 
with the result of the grid deformation method 
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[10]. Least Squares Method with AUSMPW+[4], 
[8] is used as a spatial discretization method, and 
LU-SGS [9] is selected as a time integration 
scheme. As a limiting process, Minmod limiter is 
used. 

2  Flow solution  

2.1 Least Squares Method  
Consider Taylor series expansion with the 
ignorance of high order terms, as shown in Eq. 
(1). In the Meshless method, In order to find the 
unknown derivative terms of Eq. (1), Least 
Squares Method has been used. 

,ݔ)߮ (ݕ = ߮଴ + ݔ∆ (଴ݔ)߲߮
ݔ߲ + ݕ∆ (଴ݕ)߲߮

ݕ߲ + O(∆ଶ) (1) 
The Least Squares Method with weighted 
function can be expressed as 

min ෍ ߱଴௝ ቈ∆߮଴௝ − ଴௝ݔ∆
(଴ݔ)߲߮

ݔ߲ − ଴௝ݕ∆
(଴ݕ)߲߮

ݕ߲ ቉
ଶ௡

௝ୀଵ
 (2) 

߲߮
ݔ߲ ≈ ෍ ܽ଴௝( ௝߮ − ߮଴)

௝
 (3) 

߲߮
ݕ߲ ≈ ෍ ܾ଴௝( ௝߮ − ߮଴)

௝
 (4) 

where, ݊  indicates the number of point in the 
vicinity which is called local point cloud. For a 
two-dimensional space, the calculated 
coefficients are as follows. 

ܽ଴௝ = ߱଴௝∆ݔ଴௝ (ଶݕ∆߱)∑ − ߱଴௝∆ݕ଴௝ (ݕ∆ݔ∆߱)∑
(ଶݔ∆߱)∑ (ଶݕ∆߱)∑ − (∑ ଶ(ݕ∆ݔ∆߱  (5) 

ܾ଴௝ = ߱଴௝∆ݕ଴௝ (ଶݔ∆߱)∑ − ߱଴௝∆ݔ଴௝ (ݕ∆ݔ∆߱)∑
(ଶݔ∆߱)∑ (ଶݕ∆߱)∑ − (∑ ଶ(ݕ∆ݔ∆߱  (6) 

A simple inverse distance weighting function [14] 
is used to improve accuracy 

߱଴௝ = 1
൫∆ݔ଴௝ଶ + ଴௝ଶݕ∆ ൯ଵ/ଶ  (7) 

2.2 Governing equations and numerical 
schemes 
In this study, the two-dimensional Euler equation 
is selected as governing equations. Euler 

equations in Arbitrary Largrangian Eulerian 
(ALE) form is written as 

߲߱
ݐ߲ + ߲݂

ݔ߲ + ߲݃
ݕ߲ = 0 (8) 

߱ = ൦
ܧߩݒߩݑߩߩ

൪ , ݂ = ൦
ܷݑߩܷߩ + ܷܧߩܷݒߩ݌ + ݑ݌

൪ , ݃ = ൦
ܸݒߩܸݑߩܸߩ + ܸܧߩ݌ + ݒ݌

൪ (9) 

ܧ = ݌
ߛ) − ߩ(1 + 1

2 ଶݑ) + ,(ଶݒ ܪ = ܧ + ݌
 (10) ߩ

In Eq. (9), ܷ  and ܸ  denote the contravariant 
velocities, and it is defined as follows 

ܷ = ൫ݑ − ,௣൯ݑ ܸ = ݒ) −  (௣ݒ
where, ݑ௣  and ݒ௣  are the components of the 
velocity of a point in the x, y direction 
respectively.  
Then, Eq. (8) can be expressed as follows 

߲߱௜
ݐ߲ + ෍ ܽ௜௝∆ ௜݂௝

௡

௝ୀଵ
+ ෍ ܾ௜௝∆ ௜݃௝

௡

௝ୀଵ
= ߲߱௜

ݐ߲ + ෍ ௜௝ܨ∆
௡

௝
= 0 (11) 

where, ܨ = ݂ܽ + ܾ݃ is a directed flux along the 
metric weight vector (a,b). To improve accuracy 
and robustness, AUSMPW+ is modified for the 
Meshless method for the spatial discretization. 
This scheme use midpoint flux at j + 1/2 instead 
of the flux at j, as shown in Eq. (12)  

෍ ௜௝ܨ∆
௡

௝ୀଵ
= 2 ෍ ௜௝ାଵଶܨ∆

௡

௝ୀଵ
= 2 ෍ ൬ܨ௜௝ାଵଶ

− ௜௝൰ܨ
௡

௝ୀଵ
 (12) 

 
Figure 1  illustration of mid-point value on the edge 

connecting nodes i and j 
௜௝ାଵ/ଶܨ  can be obtained from AUSMPW+ 
scheme. The numerical flux of AUSMPW+ is 
given as follows. 

ଵଶܨ
= ഥ௅ାܿଵଶܯ

௅ߔ + ഥோିܯ ܿଵଶ
ோߔ + ( ௅ܲା ௅ܲ + ோܲି ܴோ) (13) 
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where, ߔ = ,ߩ) ,ݑߩ ܲ and  (ܪߩ = (0, ,݌ 0)். The 
subscripts ‘1/2’, ‘L’ and ‘R’ mean a quantity at a 
midpoint on the edge in Figure 1 and at the left 
and right states across the edge, repectively. The 
mach number at the midpoint is defined as 

݉ଵ/ଶ = ௅ାܯ + ோିܯ   (14) 
ഥோିܯ ഥ௅ା andܯ  can then be computed by   
If ݉ଵ/ଶ ≥ 0, then, 

ഥ௅ାܯ = ௅ାܯ + ோିܯ [(1 − 1)(ݓ + ோ݂) − ௅݂]  (15) 
ഥ௅ିܯ = ோିܯ 1)ݓ + ோ݂)   (16) 

Else if ݉ଵ/ଶ < 0, then, 
ഥ௅ାܯ = ௅ାܯ + 1)ݓ + ௅݂)  (17) 

ഥோାܯ = ோିܯ + ௅ା[(1ܯ − 1)(ݓ + ௅݂) − ோ݂]  (18) 
where, 

)ݓ ௅ܲ , ோܲ) =  1 − min ൬ ௅ܲ
ோܲ

, ோܲ
ܴ௅

൰ଷ (19) 

The pressure-based weight function is simplified 
to 

௅݂,ோ = ൬ ௅ܲ,ோ
௦ܲ

− 1൰ ∗ min ቆ1, min൫ܥܮ ௜ܲ,௝൯
min( ௅ܲ, ோܲ)ቇ

ଶ
, ௦ܲ ≠ 0 (20) 

where, 
௦ܲ = ௅ܲା ௅ܲ + ோܲି ோܲ (21) 

The split Mach number is defined by 

±ܯ = ൞± 1
4 ܯ) ± 1)ଶ, |ܯ| ≤ 1 

1
2 ܯ) ± ,(|ܯ| |ܯ| > 1

 (22) 

ܲ± = ൞± 1
4 ܯ) ± 1)ଶ(2 ∓ ,(ܯ |ܯ| ≤ 1 
1
2 (1 ± ,((ܯ)݊݃݅ݏ |ܯ| > 1

 (23) 

The Mach number of each side is 
௅,ோܯ = ௅ܷ,ோ

ܿଵ/ଶ
 (24) 

And the speed of sound (ܿଵ/ଶ) is 

ܿଵ/ଶ =
ەۖ
۔
minۓۖ ቆ ܿ∗ଶ

|)ݔܽ݉ ௅ܷ|, ܿ∗)ቇ , 1
2 ( ௅ܷ + ܷோ) > 0

min ቆ ܿ∗ଶ
,|ோܷ|)ݔܽ݉ ܿ∗)ቇ , 1

2 ( ௅ܷ + ܷோ) < 0
 (25) 

where, 
ܿ∗ = ඥ2(ߛ − ߛ)/(1 +  ௡௢௥௠௔௟ (26)ܪ(1

௡௢௥௠௔௟ܪ = 1
2 ൬ܪ௅ − 1

2 ௅ܸଶ + ோܪ − 1
2 ோܸଶ൰ (27) 

For a time integration, LU-SGS method, 
considering Dual time stepping, modified for 
meshless method is used [4].  More detailed 
explanation of the method can be found in [11].  

3 Point generation methodology considering 
the movement of wall boundaries 

3.1 HYCAPS method  
In this study, we introduced ‘Hybrid of Cartesian 
And Prismatic Point System’ (HYCAPPS) 
method. As the name indicates, this method 
combines two point systems. The first point 
system is Prismatic Point System (PPS), and the 
other is Background Point System (BPS). PPS is 
created to consider boundary layer in the viscous 
flow. It is generated along the wall surface. The 
concept is same as the prismatic grid of FVM. It 
is shown in Figure 2 

 
Figure 2 : the prismatic point system of RAE2822 

Then, BPS can be obtained from Cartesian grid 
as shown in Figure 3. A detailed description of 
this method can be found in [12]. At the initial 
stage, the point systems may overlap each other. 
Because we generate the point systems 
independently. However, the overlap points must 
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be excluded when computing the flow solution. 
Therefore, we give the priority to each point 
system. A detailed description is as follows.  
  The prismatic point systems always have 

priority compared to the background systems 
  If the prismatic point systems overlap each 

other, the point which belongs to the lower 
level of layer has a higher priority. the concept 
of the level of layer is denoted in (a) of Figure 
5. If the level is the same, the lower object 
number has a higher priority. Example is 
shown in (b) of Figure 5.  The overlap points 
are shown with their indices. To explain in 
more detail, the point ‘1’ belongs to the ‘n+1’ 
level layer of object ‘2’ but this point is inside 
the ‘n’ level layer of object ‘1’. According to 
these rules, 1, 2, 7, 9 points are excluded from 
computational domain. But these points are 
not erased but switched off temporarily. 
Because we may use and consider these points 
again, in case of the reconstruction of 
computational domain according to movement 
of the object.  

  If the background point systems overlap each 
other, the point system, which has the lower 
space of the grid, has a higher priority  

Consequently, an example of the meshless point 
system generated by the aforementioned rules is 
shown in Figure 6. In the generated point system. 
local point cloud must be composed for all the 
computational point. It is also described in [12]   

 
Figure 3 Cartesian grid points 

HYCAPPS method makes it easy to handle 
points when the wall boundaries are moving, 
because it is easy to find an index of Cartesian 
grid point when the coordinates of a prismatic 
point is given. 

 
Figure 4 the rules of priority 

 
 
 
 

 
Figure 5 the detailed explanation of the level of layer 
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Figure 6 the complete meshless point system 

3.2 Strategy for the moving boundaries  
When the wall boundaries move, the meshless 
point system must be reconstructed. The process 
of the reconstruction is denoted in Figure 7.  

 
Figure 7 the process of the reconstruction 

Relocation of points is carried out as follows 
.  The prismatic point systems move with the 

same linear and angular velocities of their 
objects, on the contrary, the background point 

systems remain static as shown in Figure 8 
  Determine which points are to be ‘off’ or ‘on’ 

by the rule  
  Reset the point distribution from the 

determination as shown in Figure 10  
After the reset of the point distribution, local 
point cloud must be regenerated for the 
computational points. However it is highly time-
consuming work, if we regenerate the local point 
cloud for all the computational point. In order to 
enhance the time efficiency, we introduce a 
condition which is called ‘Vicinity Existence 
Test’ (VEXT). In this study, we use 8 points in 
VEXT condition for both prismatic point and 
background point. Regardless of the type of the 
point system, there must be 8 points around a 
point except boundary point as shown in Figure 
11. If all 8 vicinity points are ‘on’ state, that point 
use previous local point cloud. Using this method, 
only the points which don’t satisfy ‘VEXT’ 
condition must generate new local point cloud. 
From this process, the time generating local point 
cloud for the computational domain for the next 
physical time can be saved.  

 
Figure 8 initial state 

 
Figure 9 overlap arise from the movement 
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Figure 10 reset point distribution 

 
Figure 11 ‘VEXT’ condition  

4 Results 

4.1 Unsteady flow around the cylinder  
The first validation case is the supersonic flow 
around the cylinder. We carried out computation 
for four cases. Every case has different 
freestream Mach number but the Mach numbers 
observed in the cylinder are equal to 2 and angle 
of attacks are equal to 0. The point systems are 
all same for all the case as shown in Figure 12. 
More information are written in Table 1 and 
Figure 12. This validation model was selected to 
show that results for four cases are same. We 
select the steady state result (case 4) as a 
reference. Figure 13 shows the pressure 
coefficient line along the surface and the 
stagnation line. It shows that we can obtain quite 
same result for all cases. Even though the 
computational domains are different each 
physical time step. 
 

 
Figure 12 computational domain and the direction of 

freestream and the cylinder 
 
 

Table 1 information for the flow condition 
Case Freestream 

Mach number 
Mach number 
of the cylinder 

1 0.0 2.0 
2 1.0 1.0 
3 1.5 0.5 

4(reference) 2.0 0.0 
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Figure 13 pressure coefficient distribution of the moving 

cylinder 

4.2 Unsteady flow around the oscillating 
NACA0012 airfoil  
The next validation model is the unsteady flow 
around the oscillating NACA0012 airfoil. The 
results are compared with the AGARD 
experimental data [6] and Kirshmen’s result from 
the Cartesian Grid Method [13]. The airfoil 
oscillates about its quarter chord. The oscillating 
motion of the airfoil is expressed as   

ߙ = ଴ߙ +  (28) (ݐ߱) ௠sinߙ
where ߙ଴  is the mean incidence, ߙ௠  is the 
amplitude of the pitching oscillation, ߱  is the 
angular frequency of the oscillation. And instead 
of using ߱, reduced  frequency ݇ is used for the 
computation. Reduced frequency is given as 
follows. 

݇ = ߱ܿ
2 ஶܸ

 (29) 
here, ܿ is the chord length of the airfoil and ஶܸ is 
the freestream speed. The conditions are as 
follows 

൞
ஶܯ = 0.755
଴ߙ = 0.016௢
௠ߙ = 2.51௢
݇ = 0.0814

 
Before the unsteady computation, a calculation 
for the steady state flow is carried out. The 
computational domain and the steady state result 
are shown in Figure 14 and 15 respectively.  
The physical time step is 1/64 of the period. And 
we compared lift coefficient and the pressure 
coefficient along the surface with the reference 
data. The results are shown in Figure 16~19. 
 
 
 

 
Figure 14 meshless point system for NACA0012 
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Figure 15 pressure coefficient of NACA0012 at steady 

state (mean incidence angle) 

 
Figure 16 lift coefficient variation in time 

 
Figure 17 lift coefficient variation in pitching angle 

 
Figure 18 pressure coefficient distribution along the 

surface (α = 0.52୭, phase angle = 168୭) 

 
Figure 19 pressure coefficient distribution along the 

surface (α = 2.01୭, phase angle = 127୭) 
The results indicate that the developed point 
generation technique and the meshless method 
are robust and accurate compared to the 
conventional method. 
4.2 Unsteady flow around the oscillating 
NACA0012 airfoil  
For the demonstration of the performance of the 
point generation method, Williams airfoil 
(Configuration B) [7] with an oscillating flap is 
considered. In the case, Main airfoil is static, but 
the flap deflect from 0o to 14o. There are two 
prismatic point systems (Main airfoil and flap) 
and a variety of background point systems. The 
meshless point systems are shown in Figure 20 
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and 21 for the flap deflection angle 0o and 14o. If 
the flap deflects, the prismatic point system of the 
flap moves with the same velocity. On the 
contrary, the other point systems are stationary. 
It indicates that the methodology allows large 
and general movement. The flow solution is 
computed at atmospheric condition with 
freestream Mach number 0.58.  20,000 points are 
used for computational domain at the deflection 
angle 0o. However, the number of points is 
different from the deflection angle. Then, the 
deflection angle is given as follows. 

ߙ = ଴ߙ +  (30) (ݐ߱) ௠sinߙ
where, ߙ଴ is the mean incidence angle, ߙ௠ is the 
amplitude of the oscillation, and the reduced 
frequency is given as ݇ = ߱ܿ/2 ஶܸ . And these 
values are as follows. 

൝ ଴ߙ = 7.0௢
௠ߙ = 7.0௢
݇ = 0.0814

 
The flap oscillates about the point located in front 
of its leading edge. We obtained steady state 
solution at the deflection angle 0o. Then, we 
regard reference length as chord length of the 
main airfoil. Pressure contours and the normal 
force coefficient are presented. And the normal 
coefficient result is compared with the result 
obtained from L. Dubac’s grid deformation 
technique [10].   
 

 
Figure 20 computational point at deflection angle 0o 

 
Figure 21 computational point at deflection angle 14o 

The results are denoted in Figure 22~26. Figure 
22 shows the lift coefficient comparison with 
result obtained by the grid deformation method. 
a slight difference can be seen from the result. Its 
maximum error is about 1.1%. This error may be 
attributed to the grid difference. 
 
 
 

 
Figure 22 Willams airfoil : lift coefficient variation in flap 

deflection angle 
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Figure 23 pressure contours for Williams airfoil the 

oscillating flap ( 0o ) 

 
Figure 24 pressure contours for Williams airfoil the 

oscillating flap ( 7o  pitch down ) 

 
Figure 25 pressure contours for Williams airfoil the 

oscillating flap ( 14o  ) 

 
Figure 26 pressure contours for Williams airfoil the 

oscillating flap ( 7o  pitch up ) 

5   Conclusion 
A point generation technique for the moving 
systems are suggested. Using the hybrid concept 
which mixes the prismatic point system and the 
background point system, an efficient and robust 
way to solve unsteady problem considering 
moving multiple boundaries is developed. Three 
test cases are selected as a validation model. The 
results suggest that the meshless point generation 
technique and the meshless flow solver are quite 
robust, accurate and efficient compared to 
another methods. 
The final goal of a meshless method is to solve 
highly-complicated and practical problems, such 
as store separation, shroud separation. In order to 
achieve the goal, this work will be expanded to 
three-dimensional case considering multiple 
objects. Additionally, flight dynamics module or 
structural analysis module will be contained in 
this code. 
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