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Abstract

A capture region for missile guidance laws
under field-of-view constraint is analyzed. To
make a missile intercept a non-maneuvering
target, physical constraints including seeker's
field-of-view and acceleration limit should be
considered, because these constraints may
restrict maneuver of the interceptor. The
characteristics  of look-angle  constraint
guidance laws is studied, and feasible trajectory
envelope and achievable impact angle set are
derived using deviated pursuit trajectory. To
validate the analysis of the capture region,
numerical simulation is carried out.

1 Introduction

Strapdown-seeker ~ system  has  several
advantages over gimbal-seeker system because
of its simple mechanic structure, low-cost, and
light weight. For these reasons, the strapdown-
seeker system has been widely utilized in
guided weapons including guided projectiles,
kill vehicles, and missiles.

For missiles equipped with strapdown-seeker,
maintaining lock-on is crucial because a target
information is directly obtained from the seeker.
The seeker is attached to the missile body and
the FOV (Field-of-View) of the seeker is limited,
and therefore the missile maneuver and its
reachable trajectory may be restricted. Usually,
missile with a strapdown-seeker requires a
guidance law that can maintain lock-on
condition and also satisfy terminal homing
objectives. To design guidance law for a missile

considering FOV limit, two-stage guidance law
[1-3], optimal guidance law [4], biased
proportional navigation guidance [5], and
hybrid guidance scheme [6] have been proposed.
Most of the previous studies, however, focused
on stationary target interception [1-5], or slow-
moving target interception with wide FOV limit.
[6.7]

The objective of this study is to find a
necessary condition for capture region of the
look-angle constraint guidance laws. First, the
property of the look-angle constraint guidance
law is analyzed where the maximum maneuver
of the missile is restricted to maintain the lock-
on condition. Then, a feasible trajectory
envelope is derived from the pursuit trajectory.
Based on the obtained envelope boundary,
qualitative behavior of the maximum trajectory
is analyzed for tail-chase and head-on
engagement cases. The impact angle set can be
determined, and necessary condition for the
capturable region is examined. To demonstrate
the analysis result using the capture region,
numerical simulations are performed.

This paper is organized as follows. Section 2
presents the problem formulation and
characteristics of look-angle constraint guidance.
Section 3 provides the capture region analysis.
Numerical simulation results are shown in Sec.
4, Finally, conclusion is given in Sec. 5.

2 Problem formulation

2.1 Engagement Kinematics



Consider a planar engagement geometry as
shown in Fig. 1, where the subscript T and
subscript M denote the target and the missile,
respectively. In this study, the missile and the
target are assumed as point mass model with
constant speed V; and V,_ . The following

assumptions are used for the analysis in this
study.

Assumption 1: A missile and a target
maneuver in planar motion.

Assumption 2: The target is non-maneuvering,
and the speed is lower than that of the missile.

Assumption 3: The angle of attack (AOA) of
the missile is small enough to be neglected.

From the Assumption 3, the pitch angle of the
missile denoted by €, coincides with the flight

path angle y as

O =7n 1)
Using Eg. (1), the look angle o can be defined
using the relation between LOS angle A4 and the
flight path angle y,, as

A=oc+y, (2)

The nonlinear kinematics in the planar
engagement can be represented as follows

=V, cos(y; —4)-V,, coso (3)
j,:\iSin(}/T—ﬂ,)-F\iSinG (4)
r r
. Vi V., . a,
o=—sin(y; —A)+-—sinc—— 5
r (7T ) r Y )

m

where r denotes the distance between the
missile and the target, y, indicates the flight

path angle of the target, and a, is the normal
acceleration of the missile.
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Figure 1 Planar Engagement geometry

2.2 Characteristics of Look-angle constraint
guidance law

The look-angle constraint guidance laws
considering FOV limit of the seeker have a
common property that the maximum maneuver
should be restricted to maintain its maximum
look-angle. The guidance command of the
missile can be represented as

O_min <o < Gmax

a.
amc :{ homing (6)

Vmﬂ“ o= O-max’ o= O-min

where a, . is a homing guidance command

generated by the guidance schemes, and
(Cmax:Omin)  are  maximum/minimum  look

angles due to the FOV limit. If the look angle is
remained within the FOV limit during the
maneuver, the guidance command can make the
missile intercept the target without interference
of the FOV limit. In Refs. [1-5], pure-
proportional navigation (PPN) was used as a
homing guidance law. On the other hand, if the
look angle reaches the maximum/minimum
boundary, o =0,,, Ofr c=0,,, ,and

6=0 )

The meaning of Eg. (7) is that the missile
maneuver is constrained to maintain its look
angle. Using Egs. (3) and (4), the differential
equation of LOS angle can be expressed with
respectto I as
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dr V;cos(y; —4)-V, coso,,,

= di (8
r V;sin(y; —4)+V,sino,,, ®)

Since y; =, (0) for a non-maneuvering target
and o=0,, , Eq. (8) is equivalent to the

ordinary differential equation of the deviated
pursuit guidance trajectory. Integrating by part
gives the analytic solution of the trajectory as

_Vgsin(yr = 4)+V, sino,, y
COVsin(py —2) 4V, SiN o,

(©)
dA

2 -V, coso,,,
p| — :

%V sin(y; —A)+V,, Sino,,
The closed-form
J-z -V, COSO

BV sin(y; —4)+V, sino,,,

different according to the speed ratio
(n=V; 1V, ) as well as FOV limit o, . By
defining a parameter a=n/sino,,, , the
analytic solution can be obtained as

solution of the
diin Eq. (9) are

fora<l

di (10

J-i -V, C0S O,
BV sin(yy —A)+V, sino,,
A

tan ﬂ +a
2¢C0to,, .. 1 2
= tan

- J1-a? J1-a?

fora>1

dA (12)

IA -V, Coso, .,
WV sin(yy —A)+V, sin o,

> cot tan(yTz_ﬂj+a
_ﬂtanh’l

Ja?-1 Ja?-1

A

%o
From Egs. (9)-(11), the qualitative behavior of
the solution varies according to the parameter a.
Usually, if the target speed is much slower than
missile speed and FOV limit is large, then a <1.
If FOV is small, on the other hand, the
parameter a becomes greater than unity.

2.3 Maximum acceleration constraint

To reflect the physical constraint of the missile,
the maximum acceleration limit is considered.
As the missile approaches the target while
keeping the look angle within the allowable
limit, the turning rate of the missile reaches its
maximum. When the look angle keeps a
constant o, the relation between the maximum

acceleration and LOS rate can be obtained as

. V; . V. . a
=—-8in —A)+-"sing, = =&
7 max ; (7T ) r 0 V.
V. V (12)
y =—Tsin(y, —A)+-"sino, = ——m&
ymln r (?/T ) r 0 V

m

where (a,,.28,,) are the maximum and
minimum accelerations. Because r >0, Eq. (12)

can be expressed as

r= ’VT sin(y; —A)+V,sin 0'0‘ Vi (13)
amax

When the missile reaches its maximum
acceleration, the missile cannot follow the target
due to the maneuverability limit. It causes miss-
distance and fails to lock-on the target. The
maximum acceleration boundary of Eq. (13)
should be used in the capture region analysis.
Figures 2 and 3 show the phase portrait of the
pursuit  trajectory represented in LOS
coordinates.

«10* Pursuit guidance traj (tail-chase scenario)
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Figure 2 Phase portrait of pursuit trajectory
(Tail-chase engagement case)



«10* Pursuit guidance traj (Head-on scenario)
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Figure 3 Phase portrait of pursuit trajectory

(Head-on engagement case)

For a tail-chase engagement case, an attractive
equilibrium point can be obtained by collision
triangle condition as shown in Fig. 2. It ensures
that any trajectory converges to the equilibrium
point for any initial position. For a head-on
engagement case, on the other hand, the LOS
diverges from the unstable equilibrium point as
the missile gets close to the target. The
trajectory reaches the maximum acceleration
boundary. After reaching the acceleration limit,
the missile cannot intercept the target due to the
limited maneuverability. Based on the result,
capture region analysis can be performed, which
will be described in the next section.

3 Capture Region Analysis

3.1 Achievable Impact angle

In this section, the achievable impact angle sets
under FOV constraint is provided. At the end of
the homing phase, the missile and the target
should satisfy the condition of the collision
course. Using Egs. (2) and (4), the
corresponding collision triangle condition can
be obtained as follows

V;sin(y; —yy—0)+V,sinc
=V, sin(y; —y,)coso (14)
+(Vy, =V; cos(y =7, ))sine =0
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M

Figure 4 Collision Triangle

Figure 4 shows the configuration of the collision
triangle condition. During the collision course,
the missile and the target form a collision
triangle to keep a constant LOS. To lock-on the
target during this interval, the terminal look
angle and corresponding terminal impact angle
should be chosen according to the FOV limit.
Rearranging Eq. (14) yields

Vesin(yr=r¢)  msin(r-7)
Vr €0s(yr =71 )=V 7C08(rr 71 )-
(15)

From Eq. (15), FOV limit could restrict the
triangle condition satisfying the lock-on

condition. The following analysis provides the
set of achievable impact angle set.

tano, =

[EEY

3.1.1 Case 1: a<1 (Wide FOV limit)

In this case, the achievable impact angle set
when the seeker has a wide FOV is shown. The
terminal look angle satisfying the collision
triangle condition can be obtained from Eg. (15)
by ignoring FOV limit as

t I/ 16
anafe{\/lf72 \/1772} (16)

From a=n/sinc,, <1, the look angle limit
has the following relation

7 (17)
4/1—772
Since the terminal look angle can be selected to
be within the FOV limit, FOV limit may not
restrict the interception of the target. In other
words, the achievable impact set can be

tano,,, >
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determined by the look-angle constraint-free
guidance law. Using PPN guidance, for example,
the achievable impact set for moving target can
be obtained as ([7])

Vs e[y: ﬂo+sin‘l($V—Tsinﬁoﬂ (18)
VM
where subscript o denotes an initial condition,

and y* is given by
siny; - -
4 = tan(yf /o +20j (19)

cosy; FV; 1V,,

N

Note that if the missile maintains the constant

_n
«/1—772
the maneuver, then the missile reaches a

maximum acceleration before intercepting the
target.

look-angle, tan‘l[ ]< 0, <O, during

3.1.2 Case 2: a>1(Narrow FOV limit)

When the FOV limit is narrow so that the
magnitude of the parameter is larger than unity,
i.e, a>1, the FOV limit has the following
inequality.

1 (20)
»\/1—772
Since the FOV Ilimit does not cover the
achievable terminal look angle set (16), the
achievable terminal look angle set is reduced as

tano,, <

tano, e[-tano,,,.tano, | (21)

max !

Therefore, the achievable impact angle set
corresponding to the achievable look angle set is
reduced according to the FOV limit. The
following proposition addresses the reduced
impact angle set.

Proposition 1. Suppose that a missile engages a
non-maneuvering target with a=n/sino,,, >1,

and o €[04, 0 | - Then, achievable impact
angle set is restricted by

7/mf = |:7/:ﬂn 7;ax] (22)

where the lower bound and upper bound of the
achievable impact angle set satisfy

ﬂsin(7T 7, )

(23)

tano , =
¢ ]
ncos(yT =7, )—1

where (-) denotes min or max.

3.2 Feasible trajectory analysis

In this section, the allowable capture region is
examined by deriving a feasible trajectory. Note
that the FOV limit does not restrict the
achievable impact angle set when the seeker has
wide FOV. Let us focus our interest on the
small FOV case, i.e., a>1.

Since the maximum maneuver of the missile
can be restricted by the deviated pursuit
trajectory, the qualitative characteristics is
closely related to the pursuit maneuver. Given

initial relative position (r,,4,), the maximum

and minimum trajectory steered by the pursuit
guidance can be obtained using Egs. (9) and
(10) as
; V; sin(y; — 4 ) +V, sino,,,

X
“V,sin(yy —A)+V, sino,,

> cot tan(yTz_ﬂJJra
22 Omax i

JaZ-1 Jaz-1

max

A

o
(24)
; V;sin(y; =4, ) +V, sino,
o= X
™ O sin(yy —A) 4V, sinoy,
/1 A
tan (%_}a
exp _ 200 oyt 2
Ja?-1 a’-1
%
(25)

Thus, the feasible missile trajectory using the
look-angle constraint guidance command can be
bounded by the maximum and minimum
trajectory obtained by Egs. (24) and (25). Figure
5 shows the feasible trajectory for the tail chase

5



and head on engagements in LOS polar
coordinate. In Fig. 5, shaded area denotes the
feasible trajectory envelope, and dotted line
represents maximum acceleration boundary.
Since the boundary of the feasible trajectory
envelope has the property that it diverges from
the desired collision course in head-on case, the
missile reaches its maximum acceleration limit
before reaching the target and finally fails to
interception.
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Figure 5 Feasible trajectory envelope

Based on the feasible trajectory envelope, a
necessary condition for the capture region can
be derived by excluding an un-capturable region
for the head-on engagement. Assume that the
missile maneuver is governed by a pursuit
guidance to maintain its look angle limit, then
the missile trajectory can reach its maximum
acceleration envelope. Let us define an
allowable miss-distance r;. Then, A; for the r,

is calculated to obtain the intersection point
between the allowable distance and the
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acceleration limit boundary. Combined with the
acceleration limit, the allowable capture region
can be obtained by backward integrating the
pursuit-trajectory from allowable distance.

73 %10*

' ‘ Un-capturable

25} .
capturable region
2 region ‘

15} ‘

(. %) )X\‘ /' - .
0.5 ‘-\\.\ | \ P l
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Figure 6 Allowable Capture region

Figure 6 shows the allowable capture region. In
Fig. 6, the dotted line represents acceleration
limit boundary, and the solid line indicates
allowable miss distance. If the missile is located
outside the shaded area, then the missile cannot
intercept the target while maintaining lock-on
condition for any look-angle constraint guidance
laws. Therefore, the shaded area can be
regarded as the capturable region considering
the FOV constraint of the seeker.

4. Numerical Simulation

To validate the capture region analysis,
numerical simulation is carried out considering
the narrow FOV condition. In the simulation
scenario, missile speed is faster than target
speed, and the FOV is 45 degree. Initial
condition and other parameters are summarized
in Table 1.

For comparison, switching guidance law [1,7]
and proportional navigation guidance (PNG)
law are chosen as look angle constraint
guidance law and constraint-free guidance,
respectively. Figures 7-9 show simulation
results for the tail-chase scenario. As shown in
Fig. 8, missile trajectory using the look angle
constraint guidance lies in the feasible trajectory
envelope. The missile intercepts the target while
maintaining lock-on condition during the
engagement. Compared to the PN guidance law,

6
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the look angle of the missile is remained within
the FOV during the flight, and the terminal
impact angle and LOS are also properly
constrained.

Figures 10-12 show the simulation result for
the scenario 2. The trajectories using the
constraint guidance law lie in the feasible
envelope until the missile reaches its
acceleration limit.  Compared to the PN
guidance, the maneuver using the look angle
constraint guidance law is restricted to make the
look angle remain within the FOV. It involves
large miss-distance as shown in Figs. 10 and 12.
Because the initial position of the missile is in
the un-capturable region, the both guidance
commands cannot intercept the target and do not
satisfy the lock-on condition.

In the scenario 3, where the missile is located
in the capturable region. As shown in Figs. 13-
15, the missile can intercept the target while
maintaining the lock-on condition.

Table 1 Simulation parameter

Target initial position (6,000, 20,000) (m)

Target speed V; =1000 m/s
Missile speed V, =2000m/s
Look-angle limit O =9deg
Acceleration limit a,., =209

Scenario 1 (Tail-chase)

Target flight-path angle | 77 =0

Initial relative position | R =50km, 4, = 20deg
(Missile)

Scenario 2 (Head-on 1)

Target flight-path angle | 7+ =210deg

Initial relative position | R =30km, 4, =15deg
(Missile)

Scenario 3 (Head-on 2)

Target flight-path angle | 75 =210deg

Initial relative position | R =30km, 4, =38deg
(Missile)
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Figure 7 Missile and Target trajectory
(Scenario 1)
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5. Conclusion

Capture region analysis was performed
considering the FOV limit of the seeker. In the
consideration of physical constraints including
FOV limit and maximum acceleration, the
feasible trajectory envelope was analytically
derived, and achievable impact angle set and
capturable region were analyzed. When the
FOV is narrow, the shrunk feasible trajectory
envelope restricts the missile maneuver and
reduces capture region. Based on the analysis,
impact angle control guidance law will be
designed for the future work.
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