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Abstract  

In this paper, a fluid-structure interaction 
analysis is developed for a flapping wing. In 
order for the structural analysis, a co-rotational 
shell element is developed. It is for 
consideration with regard to the realistic three-
dimensional wing configuration. Moreover, 
three-dimensional preconditioned Navier-Stokes 
equations are employed for the fluid analysis. 
Using the present FSI analysis, an explicit 
investigation for three-dimensional plunging 
wing with NACA0012 cross-section is 
conducted. 

1  Introduction  

Flapping wing micro air vehicles are 
envisioned as having a small maximum 
dimension, smaller than 15 cm, flying at low-
Reynolds-number aerodynamic environment. 
Most of these vehicles are biologically inspired. 
Usefulness of the flapping wing vehicles has 
been expected during the long history of the 
natural flyer studies. The study of an interaction 
between the flexible structure and 
aerodynamics, fluid-structure interaction (FSI), 
is an important factor for design of the flapping 
wing MAV’s. Many researchers’ efforts upon 
the FSI characteristics of the flapping wing 
vehicles provide the physical understanding of 
the flow field around the wings [1-2]. 

One related study for the structural 
flexibility on the wing performance is the 
experiment conducted by Heathcote, et al [3]. In 
Heathcote’s experiment, three kinds of the wing 

having NACA0012 cross-section (rigid, flexible, 
and highly flexible wings) were experimented. 
The parametric study with respect to the wing 
flexibility was carried out. The influence on the 
wing aerodynamic performance was then 
examined. As a result, a moderate amount of the 
flexibility can improve the wing aerodynamic 
performance, otherwise, significant degradation 
in the performance can be induced. This 
research becomes a representative 
benchmarking problem for validating the FSI 
analysis. A number of the previous 
computational studies have employed 
Heathcote’s experiment in their validation 
procedure. 

Chimakurthi et al. and Gordnier et al. [4-6] 
built a numerical framework to facilitate the FSI 
simulation on the flexible flapping wings at 
variable fidelity levels. A finite volume based 
Navier-Stokes fluid dynamics solver and a 
finite-element structural dynamic solver based 
on the geometrically nonlinear composite beam 
were included in their framework. Moreover, 
the structural analysis was extended by 
employing a co-rotational (CR) shell element. 
They were capable of good agreements between 
the numerical results and the results of 
Heathcote’s experiment in a few cases. However, 
there also exist uncorrelated results in the case 
of the highly flexible wing.  

In this paper, those uncorrelated results 
regarding the structural analysis, i.e., the wing 
boundary condition, will be further investigated. 
Hence, an improved FSI analysis will be 
constructed by using the nonlinear co-rotational 
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(CR) shell element. It is in order for 
consideration of the realistic three-dimensional 
wing configuration, and improvement on the 
accuracy of the structural analysis. Such 
structural analysis will be coupled with 
preconditioned Navier-Stokes solutions. Using 
the present FSI analysis, an explicit 
investigation regarding the three-dimensional 
wing with NACA0012 cross-section is 
conducted. In this procedure, the influence of 
the structural boundary condition on the coupled 
results will be carefully demonstrated and 
compared with the results from the previous 
studies [4-6]. 

2  Formulation  

2.1 Co-rotational shell analysis  

In this paper, the nonlinear shell element 
based on the CR formulation is developed. The 
CR formulation is one such approach which is 
applicable for geometrically nonlinear problems 
in the structural analysis.  

Based on the assumptions of a small degree 
of strain and large displacement, the CR 
formulation allows an accurate geometrically 
nonlinear structural analysis. The main 
advantage of the CR formulation is that it leads 
to artificial separation between the material and 
the geometrical nonlinearity. Therefore, a local 
formulation is required for the small 
deformational component, and this is done by 
using the existing finite element hypothesis. 
This concept was originally developed by 
Rankin et al. during the derivation procedure of 
what is known as the element-independent co-
rotational (EICR) description [7]. Felippa and 
Haugen [8] suggested a unified formulation of 
the CR formulation and discussed its usefulness 
as related to the EICR concept. 

Figure 1 shows the coordinates used in the 
formulation. During the derivation of the CR 
formulation, the geometrical nonlinearity from 
the material response of the element is induced 
by decoupling the rigid body components. Due 
to the assumption that the pure deformation is 
small in the local CR frame, the geometrically 
linear finite element formulation can be used in 

the local system between the CR frame and the 
deformed frame.  

 
Fig. 1. Coordinate system of the CR formulation 

 
Consistent transformation of element 

stiffness matrix and internal force vector from 
the local system to the global coordinate system 
is accomplished. As a result the geometrically 
nonlinear effects are included. Details of its 
mathematics, presented in Ref. [9, 10], can be 
summarized as follows: 
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where d, f, and K is the displacement, internal 
force vectors, and stiffness matrix, respectively. 

E and   /T
gE d   represent the transformation 

matrices. Those matrices are constructed with 
regard to the element frame in order to re-
express displacement, internal force vectors, and 
stiffness matrix.  

By maintaining the above manner as well 
as the consideration of the nodal DOF’s, it is 
possible to compose various nonlinear finite 
elements. This suggests that the procedure in 
Eqs. (1)-(2) will be applicable to the CR shell 
element by only expanding the transformation 
matrices to 18 DOF’s (for the 3-node shell 
element). In the present analysis, a facet shell 
element combining an optimal triangular 
membrane with discrete Kirchhoff triangular 
bending plate (OPT-DKT) is used for the local 
element [11].  
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The final form the nonlinear dynamic 
equation can be obtained as follows.  

( , , , ) ( , ) ( )dyn g extF x x x t F x t F t  
 (3)

In order to solve the nonlinear dynamic 
equation, Hilber-Hughes-Taylor (HHT)–α 
method is employed [12]. 

2.2 Aerodynamic model  

2.1.1 Governing equations  

To analyze flows around the flapping 
wings at low Mach and Reynolds number 
regime, three-dimensional preconditioned 
Navier-Stokes equations are chosen as the 
governing equations. A differential form of the 
non-dimensional governing equations with free 
stream conditions is written as: 

,p
v

Q W
F F
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 (4)

where W  is the conservative solution vector, 

pQ  is the primitive solution vector, F


 is the 

inviscid flux vector, and vF


 is the viscous flux 
vector.  

For accurate unsteady computations, a 
fictitious time derivative term is added as can be 
seen in Eq. (4). A preconditioning matrix,   of 
Weiss and Smith [13] is adopted for accurate 
and efficient computations for low Mach 
number flows. 

2.1.2. Numerical schemes 

The numerical algorithm used in this paper 
is based on a finite volume method (FVM). For 
the discretization of the inviscid flux vector, 
Roe’s approximated Riemann solver [14] is 
used. MUSCL extrapolation with van Albada’s 
limiter is adopted to obtain the higher spatial 
accuracy while maintaining the total variation 
diminishing (TVD) property. The derivatives of 
the solution vectors are computed at the cell 
interfaces by applying the gradient theorem over 
an auxiliary cell. These derivatives are used to 
compute the viscous flux vector, which is 
equivalent to the second order central difference 
method on a regular grid. For unsteady flow 
analysis, a dual time stepping method in 

conjunction with approximate factorization-
alternate direction implicit (AF-ADI) method is 
used to discretize the fictitious time derivative 
term of the governing equations. 

2.1.2 Deformation of the grids 

A radial basis function (RBF) interpolation 
is employed for a deforming grid technique. 
Good quality grids can be created from the 
deformed wing surface grids by the RBF 
interpolation method [15, 16]. For efficient 
construction of the interpolation function, a 
greedy algorithm suggested in [17] is used. The 
conjugate gradient method is used to solve the 
linear equations. 

2.1.3 Geometric conservation law 

For evaluation of the volume of 
computational cells with the deforming grids, 
only geometric consideration is not enough to 
ensure that the uniform flow is a solution to the 
Navier-Stokes equations [18]. The Geometric 
Conservation Law (GCL) is adopted to alleviate 
the problem.  

2.3 Coupling methodology  

To couple the aerodynamic model with the 
structural model, an implicit coupling method is 
adopted. In the implicit coupling method, FSI 
coupled solutions are obtained in an iteratively 
manner by exchanging the results more than 
once every sub-iteration. A linear interpolation 
scheme is employed for the exchange between 
the different boundary of the fluid and the 
structural domain. Thus, the aerodynamic load 
vectors are interpolated into the nodal force 
vector. Subsequently, the nodal displacement 
vector is interpolated into the surface grid 
information for the CFD solver. Detailed 
description of the coupling algorithm is 
explained in Ref. [19]. Figure 2 shows a 
diagram of the present coupling algorithm.  
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Fig. 2. Diagram of the present coupling algorithm [19] 

3  Numerical results 

In this section, verification of the present 
FSI analysis is conducted. Moreover, the 
influence of the structural boundary condition 
on the coupled results is investigated and 
compared with experimental results by 
Heathcote et al. [3] and numerical results from 
the previous studies [4-6]. In this paper, the 
flexible and highly flexible wings are 
considered. The relevant analysis condition is 
summarized in Table 1, and the structural 
properties of three rectangular wings 
(NACA0012 cross section) are presented in 
Table 2. 
 

Table. 1. Experimental conditions 

Classification Value Classification Value 

Reynolds 
number 

30000 
Plunge 

amplitude 
0.0175m 

Flow velocity 
(U∞) 

0.3m/s 
Prescribed 

motion 
Cosine 

Water 
density 

1000 
kg/m3 

Reduced 
frequency, kG 

(2πf/U∞) 
0~1.82 

 

Table. 2. Properties of the wings 

Classification Flexible 
Highly 
Flexible 

Semi-span width 0.3m 0.3m 
Chord length 0.1m 0.1m 

Thickness 0.001m 0.001m 
Poisson’s ratio 0.3 0.3 

Material density 7,800 kg/m3 2,700 kg/m3

Young’s modulus 210 GPa 40 GPa 
 

3.1 Structural modeling approach for 
NACA0012 plunging wing  

Figure 3 shows the experiment performed 
by Heathcote et al. [3]. The configuration of the 
wing is indicated by the dotted line. As shown 
in the figure, the wing is neither cantilevered 
nor slender. The forepart of the wing root is 
connected to the region A. Moreover, the 
relevant boundary condition should be clearly 
assigned by observing the experimental 
condition. Thus, a shell analysis can be an 
appropriate approach for such experimental 
situation, when compared to a beam analysis.  
 

Fig. 3. Experiment of the rectangular wings [3] 

 
Hence, structural analyses under both 

cantilevered boundary condition and leading-
edge-fixed boundary condition are conducted. 
The relevant structural boundary conditions are 
illustrated in Fig. 4. The wing is discretized by 
using 936 triangular shell elements, accounting 
up to 3,120 degrees of freedom.  
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Fig. 4. Structural boundary condition of the flexible 
and highly flexible wings 

3.2 FSI results at the reduced frequency = 
1.82 

In this section, the FSI results obtained by 
the present analysis will be presented, and 
comparison with the previous studies [4-6] will 
be conducted. Moreover, the influence on the 
FSI phenomena over the wing at the reduced 
frequency (kG) 1.82 will be described with 
respect to the wing root boundary condition. 

3.2.1 Comparison with the previous studies  
In this subsection, the present predictions 

are compared with those obtained from the 
previous studies and the experiment. Figure 5 
shows comparison of the thrust coefficient 
history, and Fig. 6 shows the thrust coefficient 
history of each wing. The averaged thrust 
coefficient is then compared. The relevant 
values are summarized in Tables 3 and 4. 
Differences are presented by subtraction of the 
physical values. All the present results are 
described by the abbreviations, i.e., L.E. and 
Cant. for the leading-edge-fixed and 
cantilevered boundary conditions, respectively. 
 

 
Fig. 5. Thrust coefficient history of the flexible wing 

 

Table. 3. Comparison of the averaged CT of the flexible 

wing 

Flexible Difference 
Present (L.E.) 0.35 0.03 

Present (Cant.) 0.29 0.03 
Chimakurthi et al. [4] 0.31 0.01 

Gordnier et al. [6] 0.278 0.042 
Experiment [3] 0.32 - 

 

 
Fig. 6. Thrust coefficient history of the highly flexible 
wing 

 

Table. 4. Comparison of the averaged CT of the highly 

flexible wing 

 
Highly 
flexible 

Difference 

Present (L.E.) 0.07 0.04 
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Present (Cant.) 0.15 0.04 
Chimakurthi et al. [4] 0.16 0.05 

Gordnier et al. [6] 0.12 0.01 
Experiment [3] 0.11 - 

 
For the flexible wing, the present thrust 

coefficient history shows good agreement with 
that observed in the experiment. Also, the 
present prediction regarding the highly flexible 
wing shows similar trend with that predicted in 
the previous studies. However, the high 
frequency response observed in the experiment 
was not captured in either predictions. Extensive 
investigation for such FSI phenomenon in the 
highly flexible wing is still required. 

The wing tip displacement history of the 
wing tip is illustrated in Fig. 7. The peak-to-
peak relative differences regarding the 
experimental results of the tip displacement 
history are summarized in Tables 5 and 6. 

 

 
Fig. 7. Tip displacement history of the flexible wings 

 

 
Fig. 8. Tip displacement history of the highly flexible 
wings 

 

Table. 5. Comparison of the normalized peak-to-peak 

difference in the tip history of the flexible wing 

Flexible Difference 
Present (L.E.) 3.19 0.09 

Present (Cant.) 3.17 0.11 
Chimakurthi et al. [4] 3.12 0.16 

Gordnier et al. [6] 3.20 0.08 
Experiment [3] 3.28 - 

 

Table. 6. Comparison of the normalized peak-to-peak 

difference in the tip history of the highly flexible wing 

 
Highly 
flexible 

Difference 

Present (L.E.) 3.62 0.10 
Present (Cant.) 3.70 0.18 

Chimakurthi et al. [4] 3.56 0.04 
Gordnier et al. [6] 3.46 0.06 

Experiment [3] 3.52 - 
 

For the flexible wing, the present 
prediction shows good agreement with the 
experimental results. Regarding the structural 
flexibility, a phase variation in the tip history is 
induced due to the inertial and aerodynamic 
forces, and it becomes more significant for the 
highly flexible wing. Degrees of the phase 
variation is compared and summarized in Tables 
7 and 8.  
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Table. 7. Comparison of the phase variation in the tip 

history of the flexible wing 

Flexible Difference 
Present (L.E) 25.5 o 1.7 o 

Present (Cant.) 25.0 o 2.2 o 
Chimakurthi et al. [4] 23.5 o 3.7 o 

Gordnier et al. [6] 25.1 o 1.9 o 
Experiment [3] 27.2 o - 

 

Table. 8. Comparison of the phase variation in the tip 

history of the flexible wing 

 
Highly 
flexible 

Difference 

Present (L.E) 125 o 8 o 
Present (Cant.) 123 o 6 o 

Chimakurthi et al. [4] 126 o 9 o 
Gordnier et al. [6] 135 o 18 o 

Experiment [3] 117 o - 
 

Regarding the structural boundary 
condition, there was no feasible improvement in 
the numerical prediction. However, for the 
highly flexible wing, significant decrease in the 
CT history is predicted.  

In the following section, the relevant 
comparison of the pressure coefficient on the 
wing surface with respect to the structural 
boundary conditions will be presented. 

3.2.2 Influence of the wing root boundary 
condition  

In this section, the pressure coefficient, CP, 
on the wing surface is presented in order to 
evaluate the detailed influence of the wing 
structural boundary condition. The relevant 
situation for the comparison is illustrated in Fig. 
9. Moreover, the relevant comparison between 
the present results of the flexible and highly 
flexible wings under the cantilevered and 
leading-edge fixed boundary conditions are 
presented in Figs. 10 and 11, respectively. 

 

 
Fig. 9. Prescribed wing root displacement history 

 

 
Fig. 10. Pressure distribution of the flexible wing 
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Fig. 11. Pressure distribution of the highly flexible 
wing 

Pressure distribution of the flexible wing 
under the leading-edge-fixed boundary 
condition shows increased amount of CP than 
that for the cantilevered wing. For the highly 
flexible wing, the distribution of CP is slightly 
different. CP variation of the wing under 
leading-edge-fixed boundary condition is 
weaker than that of the cantilevered wing is. 
Also, the present prediction shows the phase 
shift in the pressure distribution of the highly 
flexible wing. Such differences over the flexible 
and highly flexible wings are caused by the 
chordwise deformation of the wing. However, 
the presently adopted root boundary condition is 
not the major factor of the high frequency 
response in the highly flexible wing. 

4 Conclusion 

In this paper, an improved FSI analysis is 
constructed by using the nonlinear CR shell 
element. Such structural analysis is coupled 
with preconditioned Navier-Stokes solutions. 
Using the present FSI analysis, an explicit 
investigation regarding the three-dimensional 
wing with NACA0012 cross-section is 
conducted. In this procedure, the influence of 
the structural boundary condition on the coupled 
results is carefully evaluated and compared with 
the results from the previous studies. In both 
analyses using the present wing boundary 
conditions shows reasonable agreement with 
those from the experiment and the previous 
studies. Moreover, due to the chordwise 
flexibility of the wing under the leading-edge 
boundary condition, there exist a difference with 
the pressure coefficient on the wing surface. 
This phenomenon is clearly the case for the 
highly flexible wing, and it induces significant 
decrease in the thrust. However, there still exist 
factors which should be considered, i.e., 
assumption regarding Young’s modulus of the 
highly flexible wing’s aluminum plate to be 
40GPa (its correct value is 70GPa) and the 
additional component connected to the wing 
root. In the future, those parameters will be 
included and investigated. 
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