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Abstract

A higher-order sliding mode controller is pro-
posed for integrated roll, pitch, and yaw attitude
control of a velocity-varying skid-to-turn missile.
For a system to be controlled, a missile model ac-
companying nonlinearly coupled aerodynamics
is considered. To cope with the coupling effects
between control input channels as well as non-
linearities, modeling for the aerodynamic effect
is conducted based on the experimental aerody-
namic coefficients using first-order taylor expan-
sion. The resulting model is inherited in the gov-
ern equation for the rotational maneuver of the
missile. Multiple sliding surfaces are designed
and used simultaneously for the integrated con-
trol of the roll, pitch, and yaw angles. In partic-
ular, three sliding surfaces based on the attitude
errors are used to take into account the rapid pa-
rameter variation as well as uncertainties which
are arising during the boost-phase. The second-
order sliding mode control scheme is also used to
generate the control input, and stabilizing input
for the general second-order sliding surface is ap-
plied by using a virtual input structure indirectly.
Numerical simulation involving uncertainties is
carried out to demonstrate the performance of the
proposed controller.

1 Introduction

Recent progress of the high performance missiles
has accelerated the development of the rapidly-
maneuvering missile system, and lots of research
on the missile control have been performed as in

[1]-[7]. However, most of the missile autopilot
have been designed on the assumption that the
missile flies at constant speed, which enables the
linearization and simple design of the controller.
[1] This approach cannot be applied when the
system to be controlled is under rapid parameter
transition, for example, boost-phase. Indeed, this
approach is not robust with respect to the rapidly-
varying parameters. Therefore, robust nonlinear
control method is required to design a controller
under those conditions and nonlinear characteris-
tics.
Attitude control of the boost-phase missile has
been studied for some missile platforms such
as the kinetic energy missile [2], high angle-
of-attack missile [3], and vertical launch anti-
submarine missile [4], which is controlled by
both aerodynamic fin and thrusters. In Ref.
[4], a robust attitude controller using quaternion
feedback is proposed for the thrust vector con-
trol. None of those works, however, are fo-
cused on the three-dimensional attitude control of
a fin-controlled missile during the boost-phase.
Higher-order sliding mode control (SMC) is a
nonlinear control scheme for a system with rel-
ative degree r > 2. As conventional SMC, it is
robust to uncertainties and has also been applied
for the control of missiles. [5]-[7]
In this study, an attitude controller based on the
higher-order sliding mode control scheme is pro-
posed for a tail-controlled skit-to-turn missiles
to achieve immediate attitude control during the
boost-phase. As a system to be controlled, a
six degrees-of-freedom missile model involving
nonlinear aerodynamics and cross-coupling ef-
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fects between control input channels is consid-
ered. Mathematical modeling for the aerody-
namic effect is conducted by using taylor-series
expansion, and the resulting model is inherited in
the equations of motion. To demonstrate the per-
formance of the proposed attitude controller, nu-
merical simulation involving uncertainties is per-
formed for the velocity-varying missile. The rest
of this paper is organized as follows. Section II
is devoted to problem formulation, and Sec. III
describes the controller design. Numerical simu-
lation results are given in Sec. IV, and concluding
remarks are provided in Sec. V.

2 Perliminaries

2.1 Problem Statement

The attitude control problem is defined as mak-
ing the attitude of the missile to follow the com-
manded attitude, denoted as φc θc, and ψc with
proper control inputs. Note that the states φ , θ ,
and ψ , representing roll, pitch, and yaw angle,
with respect to the inertial coordinate is defined
as the‘attitude’. The ‘Euler equation’ relates the
angular velocity with respect to the body-fixed
frame to the attitude-rate with respect to the in-
ertial coordinate as followsφ̇

θ̇

ψ̇

=

1 sinφ tanθ cosφ tanθ

0 cosφ −sinφ

0 sinφ secθ cosφ secθ

p
q
r

 (1)

Under the small-angle assumption, time deriva-
tives of those attitudes may be simplified asφ̇

θ̇

ψ̇

=

p
q
r

 (2)

where p, q, and r represent roll-rate, pitch-rate,
and yaw-rate, respectively. Similarly, control in-
puts are defined as δr, δp, and δy, representing
roll, pitch, and yaw fin(surface) deflection angles,
respectively.

2.2 Equations of Motions

In this study, rotational dynamics of the missiles
is considered. Let us consider following equa-

tions of motions for rotational maneuver of sym-
metric cruciform missiles.[8]

ṗ =
QSdCl

Ixx
− İxx

Ixx
p (3)

q̇ =
(Izz− Ixx)pr

Iyy
+

QSdCm

Iyy
−

İyy

Iyy
q (4)

ṙ =
(Ixx− Iyy)pr

Izz
+

QSdCn

Izz
− İzz

Izz
r (5)

where (Ixx, Iyy, Izz) are moments of inertia, Q, S,
and d correspond to dynamic pressure, refer-
ence surface, and reference length, respectively,
and Cl, Cm, and Cn represent nondimensional-
ized aerodynamic coefficients for roll, pitch, and
yaw moments, respectively. In addition, time-
derivatives of the moments of inertia (İxx, İyy, and
İzz) are considered, in this study.

2.3 Aerodynamical Model

Roll, pitch, and yaw moment coefficients in-
clude the complex aerodynamic effect generated
by airflows around the missile. The coefficients
are usually experimentally obtained, and can be
modeled as a function of several parameters as
follows

Ci = f (M, h, α, β , δr, δp, δy), i = l, m, n
(6)

where M,α, and β represent Mach number, angle
of attack, and sideslip angle, respectively. Ev-
ery control input is considered as an argument
of the function Ci as shown in Eq. (6), because
there exist cross-coupling effects between input
channels. Figure 1 shows the moment coeffi-
cients used in this study. The coefficients Cl, Cm,
and Cn are evaluated at h = 2,000m, M = 1.6,
β = 0◦, and δr = δp = δy = 0, and its magni-
tude and αT , total angle of attack, is normalized
by the maximum of each paramter. It is shown
that the slope of the Cm varies, and even its sign
alters as αT changes and, Cn curve shows se-
vere nonlinearity. Those nonzero moment co-
efficients, which have nonlinearities, are gener-
ated regardless of the control inputs that are set
to zero, and this indicates that the attitude control
should be made in an integrated manner. Figure 1

2



Boost-Phase Missile Attitude Controller Design Using Higher-Order Sliding Modes

illustrates the aerodynamic moment coefficients
at a constant speed, though, the aerodynamic ef-
fect changes as its speed varies, and the curve
changes accordingly. Because the speed of the
missile changes, the curves can be interpreted as
time-varying function, and its variation becomes
more complicated when the speed is rapidly ac-
celerated during the boost-phase. Thus, a robust
nonlinear control method is required to make the
missile track the attitude command appropriately.
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Fig. 1 Normalized Cl, Cm, and Cn (M = 1.6)

2.4 Mathematical Modeling of Moment Co-
efficients

The effects of the control surfaces can be mod-
eled using first-order taylor expansion as follows.

Cl =Cl0 +Clδr
δr +Clδp

δp +Clδy
δy (7)

Cm =Cm0 +Cmδr
δr +Cmδp

δp +Cmδy
δy (8)

Cn =Cn0 +Cnδr
δr +Cnδp

δp +Cnδy
δy (9)

where subscript 0 refers to aerodynamics that
is not affected by the control surfaces, and
the coefficients with subscripts δi, i = r, p, y,
represent the aerodynamic effect generated by
the control surfaces. In this study, aerodynamic
database based on experimental data provides
the aerodynamic coefficients at each time-step,
and the coefficients appear in the right-hand-side
of the Eqs. (7)-(9) are computed by the finite-
difference method based on those data.

2.5 Input-affine Form

The equations of motion in Eqs. (3)-(5) does not
show the effect of the control input explicitly. An

input-affine model, which describes how the con-
trol input is reflected in the rotational maneuver,
can be obtained by using the mathematical model
given in Eqs. (7)-(9). Substituting Eqs. (7)-(9)
into Eqs. (3)-(5) gives

ṗ =
QSdCl

Ixx
− İxx

Ixx
p (10)

=
QSdCl0

Ixx
− İxx

Ixx
p

+
QSd(Clδr

δr +Clδp
δp +Clδy

δy)

Ixx
(11)

= L0 +Lrδr +Lpδp +Lyδy (12)

q̇ =
(Iyy− Ixx)pr

Izz
+

QSdCm

Izz
− İzz

Izz
q (13)

=
(Iyy− Ixx)pr

Izz
+

QSdCm0

Izz
− İzz

Izz
q

+
QSd(Cmδr

δr +Cmδp
δp +Cmδy

δy)

Izz
(14)

= M0 +Mrδr +Mpδp +Myδy (15)

ṙ =
(Ixx− Izz)pr

Iyy
+

QSdCn0

Iyy
−

İyy

Iyy
r

+
QSd(Cnδr

δr +Cnδp
δp +Cnδy

δy)

Iyy
(16)

= N0 +Nrδr +Npδp +Nyδy (17)

where

L0 =
QSdCl0

Ixx
− İxx

Ixx
p, Lr =

QSdClδr

Ixx
(18)

Lp =
QSdClδp

Ixx
, Ly =

QSdClδy

Ixx
(19)

M0 =
(Iyy− Ixx)pr

Izz
+

QSdCl0
Ixx

− İzz

Izz
q, (20)

Mr =
QSdClδr

Izz
(21)

Mp =
QSdClδp

Izz
, My =

QSdClδy

Izz
(22)

N0 =
QSdCn0

Ixx
− İxx

Iyy
r, Nr =

QSdCnδr

Iyy
(23)

Np =
QSdCnδp

Iyy
, Ny =

QSdCnδy

Iyy
(24)
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Finally, the rotational motion of the missile can
be expressed in an input-affine form as followsṗ

q̇
ṙ

=

L0
M0
N0

+
Lr Lp Ly

Mr Mp My
Nr Np Ny

δr
δp
δy

+
wφ

wθ

wψ


(25)

where wφ , wθ , and wψ are supplemented to rep-
resent the bundle of unmodeled dynamics and
disturbance.

3 Attitude Controller Design

3.1 Sliding Surface

To apply the SMC for designing attitude con-
troller, sliding surfaces should be defined in ad-
vance. The attitude tracking objective can be
achieved by stabilizing the error between the cur-
rent attitude angle and the commanded one. The
attitude errors can be defined as

eφ = φ −φc (26)
eθ = θ −θc (27)
eψ = ψ−ψc (28)

Note that the attitude is composed of the three
components to be controlled and three indepen-
dent control inputs are available, and therefore
three independent sliding surfaces can be used.
Let us choose the sliding surfaces as follows

σφ =

(
d
dt

+λφ

)∫ T

0
eφ dt (29)

σθ =

(
d
dt

+λθ

)∫ T

0
eθ dt (30)

σψ =

(
d
dt

+λψ

)∫ T

0
eψdt (31)

where λi’s are positive real constants.

3.2 Second-order Sliding Mode Controller
Design

In this section, the attitude control input is gen-
erated by using the SMC. Note that the relative
degree of both the attitude dynamics and the slid-
ing surfaces given in Eqs. (29)-(31) is identical,

and therefore the second-order SMC is applica-
ble. General form of the second-order sliding sur-
face is given as follows.

σ̈ = h(σ , σ̇ , t)+ k(t)u(σ), k(t)> 0 (32)

where km < k(t) < kM, and |h(σ , σ̇ , t)| ≤ C for
some km, KM, and C. A control input that sta-
bilizes σ̈ , σ̇ , and σ to zero can be designed as
follows [9]

u(σi) =−αi
σ̇i +βi|σi|1/2sgn(σi)

||σ̇i|+βi|σi|1/2sign(σ)|
(33)

where αi, and βi are design parameters that sat-
isfy

αi, βi > 0 (34)

αikm−C >
β 2

2
(35)

The strength of the higher-order SMC is that the
sliding surface converges to zero in a smooth
fashion. Therefore, state responses will be
reached in steady values, because the control in-
put forces all of its time-derivatives converge to
zero. A drawback of this approach that it is not
straightforward to estimate the minimum of the
function h(σ̇ , σ , t) and k(t), represented by C
and km, respectively. The estimation should be
performed in a conservative manner to guarantee
that the bounds of those variables are not under-
estimated nor exaggerated. This practice, how-
ever, could deteriorate the control performance if
the estimated bounds are inaccurate. To avoid
such miscalculation, an alternative approach is
used in this study. Instead of directly applying
the control input, let us consider a virtual system
as follows

σ̈ = ν (36)

Note that the original system given in Eq. (32)
can be transformed into the virtual system in Eq.
(36) with an augmented control input defined as

uσ = k(t)−1 {−h(σ , σ̇ , t)+ν} (37)

where

ν =−αi
σ̇i +βi|σi|1/2sgn(σi)

|σ̇i|+βi|σi|1/2 (38)
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Note that k(t)−1 always exists, because 0 < km <
k(t) < kM. The input reformulates the system
to be a double-integrator system as in Eq. (36),
which is identical to Eq. (32) with parameters
h(σ , σ̇ , t) = 0, and k(t) = 1. With those val-
ues, the requirement for the design parameters
imposed in Eq. (35) becomes

αi >
β 2

i
2

(39)

The new condition in Eq. (39) makes the design
procedure of the control input ν less complicated.
The actual fin-deflection command u is generated
using Eq. (37), (38) and Eq. (39). By differen-
tiating Eqs. (29)-(31) with respect to time twice
after substituting Eqs. (7)-(9) into Eqs. (3)-(5),
we have

σ̈φ = ëφ +λφ ėφ (40)

= φ̈ − φ̈c +λφ (φ̇ − φ̇c) (41)
= L0 +Lrδr +Lpδp +Lyδy

− φ̇c +λφ (φ −φc) (42)

σ̈θ = ëθ +λθ eθ (43)

= θ̈ − θ̈c +λθ (θ̇ − θ̇c) (44)
= M0 +Mrδr +Mpδp +Myδy

− θ̈c +λθ (θ̇ − θ̇c) (45)
σ̈ψ = ëψ +λψ ėψ (46)

= ψ̈− ψ̈c +λψ(ψ̇− ψ̇c) (47)
= N0 +Nrδr +Npδp +Nyδy

− ψ̈c +λψ(ψ̇− ψ̇c) (48)

Re-arranging Eqs. (40)-(48) into a matrix form,
the sliding surfaces can be expressed as followsσ̈φ

σ̈θ

σ̈ψ

= H +Ku (49)

where

H =

 L0− φ̇c +λφ (φ −φc)
M0− θ̇c +λθ (θ −θc)
N0− ψ̇c +λψ(ψ−ψc)

 (50)

K =

Lr Lp Ly
Mr Mp My
Nr Np Ny

 , u =

δr
δp
δy

 (51)

Note that K−1 always exists by the intentional
configuration design of the missile control sur-
face. Observing the structural similarity between
Eq. (32) and Eq. (49), and utilizing the control
input proposed in (37), the fin deflection com-
mand can be obtained as follows

u =−B−1(H +ν) (52)

where

ν =

νφ

νθ

νψ


=

 −αφ sign(σ̇φ +βφ |σφ |1/2sign(σφ )

−αθ sign(σ̇θ +βθ |σθ |1/2sign(σθ )

−αψsign(σ̇ψ +βψ |σψ |1/2sign(σψ)


(53)

Finally, integrated attitude control can be con-
ducted by the command of Eq. (52), which sta-
bilizes the attitude error in roll, pitch, and yaw
channels simultaneously. Architecture of the pro-
posed attitude controller is shown in Fig. 2. The

Fig. 2 Block-diagram of the attitude controller

fin-deflection command δrc,δpc , and δyc gener-
ated by the proposed attitude controller is trans-
ferred to actuators, then the missile dynamics
is affected by the fin-deflection δr,δp, and δy
achieved through the actuator units. The feed-
back control is performed by providing the atti-
tude and angular velocity, which are measured by
the inertial measurement unit, to the attitude con-
troller.
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Table 1 Simulation Parameters
Symbol Description Value

[φ , θ , ψ](0) Initial Attitude [0◦,90◦,0◦]
[φ , θ , ψ](c) Commanded Attitude [0◦, 0◦,0◦]
VT (0) Initial Total Velocity 25m/s

4 Numerical Simulation

Numerical simulation is carried out to demon-
strate the performance and robustness of the pro-
posed controller. For the actuator unit, a follow-
ing stable second-order dynamics is considered

δ

δc
=

ω2
n

s2 +2ζ ωns+ω2
n

(54)

where δ , δc, ωn, and ζ are actual fin-deflection,
commanded fin-deflection, natural frequency,
and damping ratio, respectively. Nonlinear char-
acteristics include following fin-deflection rate
limit Cδ and the deflection angle limit δM

|δ̇ | ≤Cδ (55)
|δ | ≤ δM (56)

4.1 Simulation Scenario

Initial conditions and commanded attitude are
summarized in Table 1, and the following model
uncertainty is considered.

w = kd

 sin(1.8πt) 0 0
0 sin(2πt) 0
0 0 sin(2.1πt)

H

(57)
The matrix w represents the unmodeled dynam-
ics and disturbances generated by internal and
external uncertainties. Both the nominal system
(||w||2 = 0) and disturbed system (||w||2 6= 0) are
simulated to recognize the effectiveness of the
proposed controller; the former is to demonstrate
the performance of the controller under ideal cir-
cumstances, whereas the latter is to examine its
robustness with respect to various uncertainties.
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4.2 Nominal system

Figures 3 - 5 show the simulation results for the
nominal case. Figure 3 shows that desired atti-
tude is achieved with acceptable error less than
0.2◦. Control input histories are depicted in Fig.
4. The roll, pitch, yaw fin-deflections are normal-
ized by their maximum value, which are repre-
sented as δroll, δpitch, and δyaw, respectively. The
horizontal axes, in addition, is normalized by the
final time t f . Pitch channel control input δpitch
is saturated in the transient phase, but converges
to zero as the pitch attitude tracks the command.
Control inputs for other channels, δroll , and δyaw
also converge to zero as the attitude error de-
creases. Figure 5 shows the time responses of
the sliding surfaces, and similar trend to attitude
responses can be observed. From the simulation
results, it can be concluded that the controller ex-
hibits good performance for the system without
disturbance.

4.3 Monte-Carlo Simulation with Disturbed
System

The performance of the controller is examined
under various external environment modeled as

w = N(0, σ
2) (58)

kd ∈ [0, 0.5] (59)

To acquire the reliability, furthermore, the
Monte-Carlo simulation is performed for N =
100 times using kd within the given range. Fig-
ure 6 shows the time histories of the attitude. The
attitude error growth associated with increase of
the parameter kd supports the effect of the uncer-
tainty on the control performance. The attitude at
the final time, however, satisfies the commanded
value with negligible amount of error. The con-
trol histories are shown in Fig. 7, and the sliding
surfaces are depicted in Fig. 8. As the uncer-
tainty has been elevated, the control inputs and
the sliding surfaces have also been deviated from
the ideal response, but the general tendency of
the convergence is maintained for all cases. Fig-
ure 9 shows the time histories of the velocity. The
longitudinal speed v1 rapidly increases the force
provided by the thrust during the boosting phase.

From the results, it can be stated that the con-
troller is robust with respect to the uncertainty
described as in Eqs. (57)-(59).
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5 Conclusion

Higher-order sliding mode based attitude con-
troller using multiple sliding surfaces is proposed
for the missile with rapidly time-varying dynamic
and aerodynamic characteristics. The control in-
put vector was generated by using a virtual struc-
ture which transforms the system into a double-
integrator system. Multiple sliding surfaces were
considered simultaneously for the integrated roll,
pitch, and yaw attitude control. Numerical sim-
ulation was conducted and the results exploited
noticeable performance and robustness to uncer-
tainties with satisfactory attitude control results.
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