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Abstract

This paper presents an application of a finite vol-
ume Godunov-type implicit large eddy simula-
tion (ILES) method to study a transverse sonic
Jet Injection into a Supersonic Cross-flow (JISC)
of turbulent flow. The ILES method is based on
fifth-order in space and third-order in time nu-
merical schemes along with a digital-filter-based
turbulent inflow data generation method. The
simulations are compared against experimental
data and other computational results obtained
from classical LES methods. Using the simula-
tion results, the jet penetration and flow proper-
ties upstream and downstream the jet plume are
investigated.

1 Introduction

In recent years, LES has made significant contri-
butions towards understanding the physics of cer-
tain flows for which it is very difficult to carry out
experiments. This is mainly due to efficiency of
the LES codes and the computational resources
available today. One such flow is the jet injection
into a main stream cross-flow, where the main
stream flow could be subsonic or supersonic. For
the subsonic main stream flow case an important
example is a jet emerging through a puncture in a
gaseous tank at high pressure. On the other hand,
an example of a supersonic main stream flow
is inside a scramjet combustion chamber, where

the fuel is typically injected transversely to the
main supersonic flow. Both of these flows require
understanding of the flow mechanics/physics for
proper design of the equipment. For both of
the subsonic and supersonic examples, the under-
pinning knowledge of the jet entering a trans-
verse flow is similar, therefore most of the the-
oretical and experimental studies of this phe-
nomenon started with subsonic main flow and ex-
panded to include supersonic main flows [17, 18].
Ultimately, the driving force behind these studies
was to understand the fluid physics of sonic jet
into a supersonic transverse flow. In 1958 Adam-
son & Nicholls [16] presented the internal struc-
ture of an under-expanded jet into quiescent air
in order to study the structure of the jet and dis-
cussed a method to calculate the position of the
Mach disc as the jet expands into the air. Due
to the efforts in the mid 1950s and 1960s, the
structure and mechanics of the jet injected into
a supersonic cross-flow is reasonably well under-
stood, as explained below.

Fig. 1(a) is a schematic diagram for a typ-
ical under-expanded sonic jet injected into a
supersonic transverse stream along with a 3D
schematic showing the structure of the shock-
waves generated when the jet interacts with the
cross-flow in Fig. 1(b). As the under-expanded
jet enters the cross-flows, it expands through a
Prandtl-Meyer expansion fan and at the same
time deflects and turns its direction along the

1



ZEESHAN A. RANA , DIMITRIS DRIKAKIS , BEN J. THORNBER

main flow. Thus, the jet acts as an obstruc-
tion to the main supersonic cross-flow and gen-
erates a bow shock as shown in the Fig. 1. The
boundary layer starts to separate just ahead of the
bow shock and a small separation zone is visi-
ble which results in a smaller weak shock, called
a lambda shock, that interacts with the stronger
bow shock. This deflection and the size of the
separation zone is mainly dependent upon the
momentum of the main stream flow (for details
see Schetz & Billig [20]). The jet emerges from
the orifice and expands to the atmospheric pres-
sure at the jet boundary. This constant pressure
on the jet boundary causes it to bend towards
the axis of flow and the barrel shock emerges.
Due to the high pressure ratio of the flow, the
barrel shock do not meet at the axis of flow but
instead a normal shock is generated which has
its centre at the axis of flow. This shock forma-
tion is termed a Mach disc. A small recircula-
tion/separation zone is also visible immediately
downstream of the jet. There is a horseshoe vor-
tex which wraps around the jet column and forms
wake vortices in the downstream. Further down-
stream the jet boundary takes the form of a pair
of counter rotating vortices (CRV). All these sep-
aration zones, shocks and vortex structures give
rise to a very complex flow downstream of the jet
which is helpful for the mixing of the jet with the
mainstream flow.

In 1966, Schetz & Billig[20] published an
analysis of the gaseous jet injected transversely
into a supersonic stream and introduced the jet-
to-cross-flow momentum flux ratio (J) as the
most important parameter in order to determine
the jet penetration in the cross flow.

J ≡
ρ jV 2

j

ρcV 2
c

=
γ jPjM2

j

γcPcM2
c

(1)

where ρ,V,γ,P and M represent density, velocity,
ratio of specific heats, pressure and Mach num-
ber, respectively; the subscripts j and c represent
jet and cross-flow, respectively, and will be used
throughout this paper. To devise an empirical cor-
relation to determine the height of the jet pene-
tration into the transverse flow, the following pa-

Fig. 1 Schematic diagram of a transverse jet into
a supersonic cross flow (a) instantaneous, (b) 3D
averaged flow features [14, 15]

rameter, proposed by Cohen et al. [19], has been
used:
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jM j
(
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)
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×

[
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c
(1− γc)+2γcM2

c

]0.5

× J (2)

where Hmid/D represents the height of the mid-
point of Mach disc non-dimensionalised by the
diameter of the jet hole.

Although several experimental studies have
been carried out to understand the JISC, there is
still a deficiency of experimental data that can be
used for the purpose of validation/verification of
CFD codes. Recently, Santiago and Dutton [3]
carried out experiments on a sonic jet in a cross-
flow of Mach 1.6 and measured all three velocity
components (U, V, W) and five Reynolds stresses
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using Laser Doppler Velocimeter (LDV). As the
measurements were taken in several planes, and
the accuracy of the measurement technique is
considered very good (i.e., LDV method), it pro-
vides an excellent opportunity for CFD code val-
idation. Kawai & Lele [2, 29] performed an LES
of this JISC experiment and their results were
found to be in very good agreement with the ex-
periment. In this paper, an ILES based Godunov
type [1] fifth-order spatially accurate method,
with variable extrapolation [11], has been used
on a structured grid to reproduce the Santiago &
Dutton experiment. The present results are com-
pared with the experiment and the classical LES
of Kawai & Lele. In the experiment a turbulent
boundary layer was developed for the main flow
on the flatplate, therefore in the current work a
digital-filters based turbulent inflow data genera-
tion method [12, 13] has been employed to gen-
erate turbulence in the inflow data for the simula-
tions. This method of generating synthetic turbu-
lent inflow conditions satisfies the specified inte-
gral length scales and is also very efficient from
a computational point of view.

2 Computational Framework

The computational study is based on the CFD
code CNS3D [5, 6, 9]. The code utilises differ-
ent Riemann solvers [7, 8], including flux vector
splitting methods, a characteristics-based scheme
and the HLLC Riemann solver. In the present
study, the HLLC Riemann solver of [22] is used,
which assumes a three-wave structure of the Rie-
mann problem solution, allowing for two inter-
mediate states enclosed by the two fastest waves.
The HLLC Riemann solver does not use lineari-
sation of the equations and works well for low-
density problems and sonic points without any
fixes. It has been successfully used to simulate a
variety of flows in conjunction with the CNS3D
code [5, 6, 30]. The time integration is obtained
by an explicit Runge-Kutta scheme third-order
accurate [10].

2.1 Governing Equations

The work presented in this paper employs the
3D Navier-Stokes (NS) equations that govern the
mechanics of flow of (Newtonian) fluids. The NS
equations for the conservation of mass, momen-
tum and energy can be written as:

∂ρ

∂t
+∇ · (ρu) = 0 ,

∂(ρu)
∂t

+∇ · (ρuu) = −∇ ·S , (3)

∂e
∂t

+∇ · (eu) = −∇ · (S ·u)−∇ ·q ,

where ρ, e, u and q are the density, total energy
per unit volume, the velocity components and the
heat flux, respectively. The stress tensor S in Eq.
3 is given by:

S = p(ρ,T )I+
2
3

µ(∇ ·u)I−µ
[
(∇u)+(∇u)T

]
(4)

where p(ρ,T ), I, T and µ are pressure, the iden-
tity tensor, temperature and dynamic viscosity,
respectively. The system of equations is closed
using an equation of state:

p = ρRT (5)

where, R is the gas constant. The NS equations
can be non-dimensionalised and written in ma-
trix form for a rectangular co-ordinate’s system;
subsequently, the coordinates are transformed to
a curvilinear co-ordinate’s system to allow for
body-fitted grids (for details see[21]).

2.2 Numerical Methods

The work presented in this paper employs the
HLLC approximate Riemann solver [22] and
higher order spatial accuracy is achieved using
the MUSCL extrapolation [23]:

UL
i+ 1

2
= Ui +

1
2

[
φ

lim
(

rlim,L
)

(Ui−Ui−1)
]

,

(6)

UR
i+ 1

2
= Ui+1−

1
2

[
φ

lim
(

rlim,R
)

(Ui+2−Ui−1)
]

,
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where, the integer i represents the cell numbers
and the ratio of the slopes (r) is defined as:

rlim,L
i =

Ui+1−Ui

Ui−Ui−1
,

(7)

rlim,R
i =

Ui+1−Ui

Ui+2−Ui+1
,

The fifth order slope limiter used is as follows:

φ∗lim
M5,L =

−2/rlim,L
i−1 +11+24rlim,L

i −3rlim,L
i rlim,L

i+1

30
,

(8)

φ∗lim
M5,R =

−2/rlim,R
i−1 +11+24rlim,R

i −3rlim,R
i rlim,R

i+1

30
,

Monotonicity is maintained by taking:

φ
lim
M5,L = max

(
0,min

(
2,2rlim,L

i ,φ∗lim
M5,L

))
,

(9)

φ
lim
M5,R = max

(
0,min

(
2,2rlim,R

i ,φ∗lim
M5,R

))
,

Guillard et al. [26] demonstrated an incorrect
pressure difference scaling for low Mach num-
bers for standard Godunov schemes and Thorn-
ber et al. [11] presented a theoretical analysis of
the large velocity jumps at the cell interfaces and
presented a low Mach treatment for the exces-
sive numerical dissipation. It was proposed that
the velocity jumps at the cell interfaces should be
modified by a function z which gives the recon-
structed velocities u:

uL,M5+LM =
uL +uR

2
+ z

uL−uR

2
,

(10)

uR,M5+LM =
uL +uR

2
+ z

uR−uL

2
,

Finally, the time integration is achieved using
the third-order Runge-Kutta scheme [10, 21]:

U1
i = Un

i +
1
2

∆t
∆x

f (Un
i ) ,

U2
i = Un

i +
1
2

∆t
∆x

[
f
(
U1

i
)]

, (11)

Un+1
i =

1
3

(
2U2

i +Un
i +

∆t
∆x

[
f
(
U2

i
)
+ f

(
U1

i
)])

,

3 Computations and Results

3.1 Computational Domain and Initialisa-
tion

The experiment [3, 4] was effectively carried out
on a flat plate with a circular injection port that
allowed the gaseous air to emerge into the main
stream flow. The initial conditions prescribed for
the simulations are the same as the stagnation
conditions used for the experiment and are tab-
ulated in Table 1. Note that the Reynolds num-
ber used is small when compared with the exper-
iment. This is to allow reasonable resolution of
the computational domain and also to match the
initial conditions used for the LES by Kawai &
Lele [2]. The velocity profile from the experi-
ment, obtained at x/D=-5 for a fully developed
supersonic turbulent boundary layer, are applied
at the x/D=-8 position (x/D=0 is the centre of
the injection hole) in the computational domain
as shown in Fig. 2. The long upstream domain
is to allow for the weak shock developed at the
start of the computational domain. Nevertheless,
the turbulent boundary layer profile from the ex-
periment at x/D=-5 is matched with the turbulent
boundary layer profile at x/D=-5 of the computa-
tional domain, as shown in Fig. 3(a). Although
the Reynolds number used is small, the thick-
ness of the turbulent boundary layer (δ99/D =
0.775(3.1mm)) has been matched at the x/D=-
5 position in the experiment. The momentum
flux ratio (J) is calculated to be 1.7, which also
matches the experimental data.

3.2 Results and Analysis

First of all, we examine the flow structure gener-
ated when a transverse sonic jet of fluid emerges
into a stream of Mach 1.6 turbulent flow. As the
under-expanded sonic jet enters the main-stream
flow, it acts as a cylindrical obstruction to the
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Fig. 2 Schematic diagram of the computational domain selected for the JISC simulations indicating
various boundary conditions employed to the domain.

Table 1 Average stagnation inflow conditions
from experiment[3], c and j stand for cross-flow
and jet, respectively.

Property Value Units

Mach Number (c) 1.59 ±1%
Mach Number (j) 1.0
Stag. Pressure (c) 241 kPa
Stag. Pressure (j) 476 kPa
Stag. Temperature (c) 295 K
Stag. Temperature (j) 295 K
Average Velocity (c) 446.1 m/s
Reynolds Number 2.4E+04

main-stream flow. This gives rise to a bow shock
ahead of the injection. This bow shock in turn
results in a large pressure gradient behind the
shock and a separation zone is generated on the
flat plate just ahead of the jet plume. This sepa-
ration zone also produces a lambda shock and is
a comparatively large separation zone (“R.Z.:1”)
as shown in Fig. 4. Another small separation
zone ahead of the injection is also identified in
the experiment of Santiago & Dutton [3], which
has been successfully captured in the current sim-
ulations, shown in Fig. 4 as “R.Z.:2”. There is
a third separation zone “R.Z.:3” clearly visible in
the flow structure behind the plume, which is also
identified in the experiment. As the jet emerges
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(a) (b)

Fig. 3 (a) Non-dimensional velocity versus the non-dimensional wall distance (log) plot for the inflow
turbulent boundary layer at x/D=-5. (b) velocity profile for the inflow turbulent boundary layer at x/D=-5
match with the experimental velocity profile at the same position.

into the main-stream flow, it expands and turns
along the main flow at the same time as shown by
the Prandtl-Meyer expansion fan in Fig. 4. The
boundary of the jet that forms the barrel shock
and the Mach disc meets at a point referred to

as the triple point. There are also present in the
flow structure the horseshoe vortex and a pair of
counter-rotating vortices which will be discussed
later. The penetration of the jet into the main-
stream flow has been measured to be ≈ 1.4D as

Fig. 4 JISC flow structure at middle z-plane, (z/D=0), typical shocks and flow features are identified as
the sonic jet mixes with transverse supersonic flow at Mach 1.6
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(a) Mach number (b) Streamwise velocity

(c) Wall normal velocity

Fig. 5 Time averaged Mach number, streamwise and wall normal velocity contours at the z-plane
(z/D=0) showing typical flow structure with JISC at Mach 1.6

calculated using Eq. 2. The flow analysis carried
out in this work is time averaged over the period
for the main-stream flow to go through the whole
geometry 5 times.

Figure 5 shows the time averaged Mach num-
ber, streamwise velocity and wall normal veloc-
ity distributions in the midline transverse plane,
i.e. z/D=0. The contour plots show the com-
plete shock structures with JISC at Mach 1.6
such as lambda shock, bow shock, barrel shock,
Mach disc and the separation zones. The stream
lines show the flow of the fluid just upstream
and downstream of the plume up to a distance
of x/D=5. As the main-stream flow approaches
the plume and the bow shock is developed, the
Mach number and the velocities exhibit sharp de-
celeration just ahead of the plume and a rapid ac-
celeration is found in the plume towards the top
edge region. Thus, the maximum Mach number
is found at the top edge of the plume which con-
forms with the experimental results. Most of the
jet fluid passes through the windward side of the

plume and the Mach disc. It is understood from
the instantaneous flow visualisation that this is
the region where the mixing of the fluids takes
place largely. The recirculation region just ahead
of the plume and below the bow shock develops
sideways of the plume and forms the well known
horseshoe vortices around the plume.

Considering the flow analysis in the plane
parallel to the wall, Fig. 6 shows the time av-
eraged contours of the Mach number, streamwise
velocity and wall normal velocities at y/D=1 (y-
plane). The sudden deceleration just ahead of the
jet plume and acceleration within the jet plume is
clearly shown in these views as well. The stream-
lines on the Mach number plots show the flow
turning sideways as it approaches the jet plume
and thus forms the horseshoe vortex around it.
Just after the jet plume a low velocity region is
visible. In respect of the separation area behind
the jet plume (Figs. 5 and 6), two small trailing
vortices emerge which will be seen clearly in the
cross-view planes shown in Figs. 7-9.
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(a) Mach number (b) Streamwise velocity

(c) Wall normal velocity

Fig. 6 Time averaged Mach number, streamwise and wall normal velocity contours at the wall parallel
y-plane (y/D=0) showing typical flow structure with JISC at Mach 1.6

Figures 7, 8 and 9 show the cross-planes at
three different locations of x/D=1, 3, and 5 for
the Mach number, streamwise and wall-normal
velocities. The complete 3D structure of the time
averaged JISC flow field is best understood by
combining and analysing all the three figures.
The x/D=1, 3, and 5 planes are just downstream
of the jet plume and the plots show the devel-
opment of the two well known counter-rotating
vortices (CRVs). The figures also show stream-
lines which enhance the visualisation of the pair
of CRVs and how they are developing. It can be
seen from the x/D=3 plot that a pair of small vor-
tices also develop below the main pair of CRVs
and close to the wall. This occurs as a result of
the flow separation just after the jet injection po-
sition i.e., “R.Z.:3” as shown in Fig. 4. These
transient vortices and the large counter rotating

pair of vortices enhance the mixing mechanism
of the fluids in the downstream region. It is also
noticed from these plots that the pair of CRVs
gains height very quickly after the full jet pene-
tration is achieved. After this point the height of
this pair of CRVs remains more-or-less constant
but the diameter increases which again refers to
the better mixing of the fluids.

The flow properties are then analysed for the
mean streamwise and wall-normal velocities at
various points and compared with the experimen-
tal and LES results from the recently published
work of Kawai and Lele [2]. It should be men-
tioned that the present results have been obtained
using almost one-third of the resolution of pre-
vious LES [2, 29]. Figures 10 and 11 show the
plots for the mean streamwise and wall-normal
velocities, respectively, at various positions up-
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(a) Mach number (b) Streamwise velocity (c) Wall normal velocity

Fig. 7 Time averaged Mach number, streamwise and wall normal velocity contours at the cross-view
x-plane (x/D=1) showing typical flow structure with JISC at Mach 1.6 along with the CRV.

(a) Mach number (b) Streamwise velocity (c) Wall normal velocity

Fig. 8 Time averaged Mach number, streamwise and wall normal velocity contours at the cross-view
x-plane (x/D=3) showing typical flow structure with JISC at Mach 1.6 along with the CRV.

(a) Mach number (b) Streamwise velocity (c) Wall Normal velocity

Fig. 9 Time averaged Mach number, streamwise and wall normal velocity contours at the cross-view
x-plane (x/D=5) showing typical flow structure with JISC at Mach 1.6 along with the CRV.

stream and downstream of the jet plume. Up-
stream of the jet, the flow is influenced by tur-
bulence in the inflow conditions. It has been pre-
sented [2] that the upstream flow properties at po-

sition x/D=-1 are different for laminar and turbu-
lent flow. It has been noticed that in the case of
turbulent flow the weak lambda shock develops
quite close to the bow shock and maintains its po-
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(a) x/D=-1 (b) x/D=2 (c) x/D=3

(d) x/D=4 (e) x/D=5

Fig. 10 Time averaged streamwise velocity profiles at various positions on the midline z-plane (z/D=0);
comparison with the experiments [3, 4] and LES [2, 29].

sition. This causes the slight jump in the stream-
wise and wall-normal velocities as shown in Figs.
10(a) and 11(a) near the position y/D≈2. Com-
paring the velocity profiles downstream of the jet
it can be noticed that very close to the jet the av-
eraged streamwise velocity profile (at x/D=-1 and
2) is slightly over-predicted. This can be due to
the fact that this area on both sides of the jet com-
prise the separation zones. But looking at the pre-
vious LES results, we find the same trend in the
previous work as well. Apart from this, all the
other positions compare well with the experimen-
tal results, especially at the x/D=5 position where
a very good agreement between the experiment,
previous LES, and current work is found.

Further analysis is carried out for the mean
pressure distributions on the wall upstream and
downstream the jet injection hole. The experi-
ment was conducted by Everett et al. [28] using a
Pressure Sensitive Paint (PSP) technique. Figure
12 shows the comparison of the mean pressure

distribution on the wall when compared with the
experiment and the previous LES. Figure 12(a)
shows a very good comparison between all three
results. However, in Fig. 12(c) some discrepancy
is found in the results from the current study. It
is believed that this could be due to very coarse
grid resolution far away at the z/D=2 location.
But looking at the results of Fig. 12 (a) & (b),
which shows the pressure distributions at loca-
tions z/D=0 and 1, it can be said that by using a
finer resolution a better result can be obtained at
the z/D=2 location as well.

4 Concluding remarks

ILES results for transverse jet injected into a
supersonic cross-flow were presented and com-
pared with experimental data and classical LES
results, showing an overall very good agreement.
The present ILES was performed using almost
one-third of the resolution of the classical LES.
The simulated flow structures show very good
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(a) x/D=-1 (b) x/D=2 (c) x/D=3

(d) x/D=4 (e) x/D=5

Fig. 11 Time averaged wall normal velocity profiles at various positions on the midline z-Plane (z/D=0);
comparison with the experiments [3, 4] and LES [2, 29].

(a) z/D=0 (b) z/D=1 (c) z/D=2

Fig. 12 Time averaged pressure profiles at various positions on the wall parallel y-Plane (y/D=1); com-
parison with the experiments [28] and LES [2, 29].

agreement with the well established understand-
ing of JISC as all the flow features have been cap-
tured well. It is understood from previous work
[29] that turbulent inlet flow can largely influence
the flow properties upstream of the jet plume.
Downstream of the jet plume the flow proper-
ties remain largely unaffected by the turbulent in-

flow. Further analysis is required into the turbu-
lent kinetic energy and Reynolds stresses, with
and without imposing a turbulent inflow, in order
to better understand the effects of the initial and
boundary conditions.
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