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Abstract

Inviscid flow computation have been done
using a node-centered edge-based finite vol-
ume flow solver. The accuracy have been
studied by computations on a series of grids
around a set of airfoil type geometries in 2D
and a wing section in 3D. It is shown that the
local error introduced by the sharp trailing
edge for an airfoil or a wing causes a small
global error. The error is larger in 2D than in
3D. The error may be negligible for the cases
studied here, but it may also be larger for
other cases.

1 Background

Due to the increase in computer capacity the
last decades it has become possible to do flow
computations on more complex configura-
tions with an ever increasing number of grid
points. To compute viscous flow on grids
with more than 10 Mpoints is now a daily
routine. For some special studies grids with
approximately 30-50 Mpoints are being used.
For grids with this resolution on a simple
wing/fuselage configuration it should be pos-
sible to do a series of computations on grids
of different resolutions and extrapolate the
results to infinite grid resolution. This has
been done in the AIAA Drag Prediction Work
Shop series [2], [4], [5] and [11]. Surprisingly
these studies have shown that many solvers
do not show the predicted asymptotic be-

haviour, and there is a big discrepancy be-
tween different solvers. Even the same solver
may show different results for slightly dif-
ferent type of grids, suggesting the solutions
are not grid converged. The aim of the AIAA
Drag Prediction Work Shops series has been
to study how well the current computational
fluid dynamics tools can predict the drag. To
do this within a few drag counts the compu-
tations must be very accurate.

2 Introduction

The order of accuracy has previously been
studied for an edge-based finite volume flow
solver. In [6] the accuracy questions were
investigated for a number of model prob-
lems related to the Euler and Navier-Stokes
equations for a node-centered edge-based fi-
nite volume method. This scheme should
be second order accurate for very regular
unstructured grids, but it is shown that for
non-smooth grids the order of accuracy is
lower. For two-dimensional hybrid grids
with a non-smooth structured region or a
non-smooth interface between the structured
region and the unstructured region the order
of accuracy may be much lower.

In [10] the accuracy of the Euler equation
has been studied. There it has been shown
that the accuracy for real life configurations is
lower than second order, especially for two-
dimensional configurations. Computations
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of inviscid flow around a simple airfoil show
the expected second order convergence on
medium resolution grids, but on very fine
grids the convergence was lower. The con-
vergence of the drag decreased with increas-
ing angle of attack, and the lift did not con-
verge on very fine resolution grids, having
an error of about 0.3% at 4.0 degrees angles
of attack.

It is important to understand why we
have this unexpected behaviour, otherwise
we can not trust the results for more com-
plex three-dimensional cases either. In this
paper we will study the results of these test
cases in more detail. We study some simple
inviscid cases, since for these conditions we
know what the solution (drag) should be.

3 Studied Configurations

Four two-dimensional configurations and
one three-dimensional configuration have
been studied. All configurations are located
inside a box of x× y = 100.0× 50.0 m, where
the first number refers to the length of the
box in the streamwise direction. For the
three-dimensional case the dimension in the
(spanwise) z-direction is 5.0 m. The stud-
ied configurations are varies kind of airfoils
at M∞ = 0.3 with a chord of 1.0 m. The top
and bottom of the box are solid walls. The
two-dimensional configurations studied are:

• A NACA 0012 airfoil placed in the mid-
dle of the box, see Figures 1-2. This con-
figuration is called the 2D NACA 0012
configuration.

• The NACA 0012 airfoil divided into up-
per and lower parts, where the lower
part is placed at the top of the box and
the upper part at the bottom of the box,
see Figures 3-4. This configuration is
called the 2D double NACA 0012 con-
figuration.

• The same as the previous one but where
the trailing edge is modified in order to

have a smooth transition to the box, see
Figure 5. This configuration is called
the 2D double smooth TE configura-
tion.

• The same as the previous one but where
also the leading edge is modified in or-
der to have a smooth transition to the
box, see Figure 6. This configuration is
called the 2D double smooth LTE con-
figuration.

The three-dimensional configuration
studied is:

• A NACA 0012 wing section placed in
the middle of the box. This configura-
tion is called the 3D NACA 0012 config-
uration. This is the same configuration
as the 2D NACA 0012 configuration,
but with a spanwise extension, see Fig-
ure 7.

4 Grid Generation

An inhouse developed grid generation sys-
tem called TRITET [7], [8] and [9], has
been used for the grid generation. This
grid generation system can be used for
the generation of two-dimensional as well
as three-dimensional unstructured/hybrid
grids around complex geometries. The grid
generator is based on the Advancing front al-
gorithm. Tetrahedra of variable size, as well
as directionally stretched tetrahedra can be
generated by specification of a proper back-
ground grid. Efficient data structures have
been implemented. The geometry is defined
by a set of surface patches. The surface patch
connectivity is computed by the grid gener-
ator. The surface triangle grid and volume
tetrahedra grid are automatically generated.
The grid cell sizes may be adapted to surface
curvature.

5 Flow Solver

The flow solver EDGE [1], has been used for
the flow computations. It solves the com-
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pressible Euler / Reynolds Averaged Navier-
Stokes (RANS) equations. The solver is
a node-centered edge-based finite volume
solver for arbitrary grid elements. The fi-
nite volume scheme is applied on the dual
grid. The governing equations are integrated
explicitly towards steady state with Runge-
Kutta time integration. The convergence is
accelerated with an agglomeration multigrid
technique and implicit residual smoothing.
Weak boundary conditions have been used
for the computations in this paper. All so-
lutions have been converged to residuals of
about 10−12.

6 Two-Dimensional Case: Inviscid Flow
Around an Airfoil

Four different configurations have been stud-
ied: The 2D NACA 0012 configuration, Fig-
ures 1-2, the 2D double NACA 0012 configu-
ration, Figures 3-4, the 2D double smooth TE
configuration, Figure 5, and the 2D double
smooth LTE configuration, Figure 6.

Grids have been generated for eight dif-
ferent grid resolutions, where the grids with
grid spacing setting h = 1.0 are shown in Fig-
ures 1-6. The grids at other grid resolu-
tions have been generated with uniformal
coarsening/refinement by remeshing. The
finest grids have around 500,000 nodes. For
the NACA 0012 configuration computations
have been done at α = 0.00◦, α = 1.25◦ and
α = 2.50◦.

The results are summarized in Table 1-2.
In Figure 8 and Table 4 for the NACA 0012
configuration at α = 0.00◦ it can be seen that
there is a total pressure loss at the trailing
edge, which is not decreasing with finer grid
resolution, in contrast to the total pressure
loss at the leading edge, which reduce with
an approximate order of accuracy of 1.6, as
expected.

The aim of this paper is to study the error
at the trailing edge of a wing and see if this
error influence the overall results. A sharp
trailing edge introduce a jump in the slope

of the geometry and there will be no well de-
fined normal direction when implementing
the boundary condition at this point. This
jump is not reduced when reducing the grid
cell sizes. Furthermore the error introduced
here may be located at a very critical re-
gion of the geometry. Compare with two-
dimensional theory for potential flow, where
the circulation for the entire airfoil is decided
by the introduction of the Kutta condition at
the trailing edge.

It is well known that the type of finite
volume flow solver used in this study gives
a pressure peak at the trailing edge of an
airfoil. Therefore three other configurations
are also investigated in this study. In these
configurations the airfoil is splitted into two
parts and placed at the walls of the computa-
tional box, instead of in the middle. This was
done in order to see if this reduce the error at
the trailing edge. The double configurations
with smooth leading and trailing edges have
been studied in order to completely eliminate
the jump in the slope at these points, and to
see if this improves the convergence further.

In Figure 9 the typical pressure peak at
the trailing edge can be seen for the NACA
0012 configuration, which is not present for
the double NACA 0012 configuration. In Ta-
ble 1 it can also be seen that the NACA 0012
configuration gives CL = 7.32 ·10−4 compared
to CL =−2.27 ·10−7 for the double NACA 0012
configuration, for the finest grid resolution.
This configuration clearly gives a much bet-
ter result. The Pressure distributions for the
double smooth TE and the double smooth
LTE configurations are shown in Figure 10.

In Figures 11-12 the convergence order
for CD is plotted for the four studied config-
urations. It can be seen in Figure 11 that they
all have a convergence order of about 2.0 for
coarse grids, but it can also be seen in Fig-
ure 12 that the NACA 0012 configuration has
a convergence order of 1.0 for very fine grids,
in contrast to the double configurations still
having a convergence order of around 2.0.
Thus, the error at the trailing edge for the
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NACA 0012 configuration clearly introduce
an error in the overall CD. The convergence
of CD for the NACA 0012 configuration is in
accordance with the viscous results obtained
in [3]. The error in CD is 0.7 drag counts for
a grid resolution h = 0.5.

The change in slope for the double
smooth TE and the double smooth LTE con-
figurations in Figures 11-12 for coarse grids
is probably due to the fact that the pressure
distributions for these configurations, se Fig-
ure 10, differs from the double NACA 0012
configuration. Thus the solution at the mid-
dle of the airfoil may not be resolved for the
coarse grids. For fine resolution grids the
convergence is slightly better than for the
double NACA 0012 configuration.

In Figure 14 CL is plotted for different grid
resolutions. It can be seen that the error even
for very fine grids is about 0.002. This does
not seem to be reduced by finer grids.

Figure 15 shows the difference in Cp be-
tween the lower side and the upper side inte-
grated along the chord. The value at x = 1.0
is thus equal to CL. It can be seen, by the
wiggles in the curves for the coarse grids,
there are local errors along the chord, but for
fine resolutions the curves are smooth. This
clearly shows the non-symmetric solution. It
can be seen that the contribution to the lift is
about the same over the entire chord, but lit-
tle larger at leading and trailing edges. Thus,
the error in the pressure at the trailing edge
introduce an erroneous circulation.

7 Three-Dimensional Case: Inviscid Flow
Around a Wing Section

The studied configuration in 3D is the same
as the 2D NACA 0012 configuration, but with
a spanwise extension of 5.0 m. Six grids of
different resolutions were generated. The
grids have the same resolutions as the 2D
NACA 0012 configuration, with the finest
grid having around 7.5 Mpoints in total and
around 250,000 surface points. In spanwise
direction grid stretching is applied with a

maximum stretching of 1:8 at the leading
edge, see Figure 7. The results are summa-
rized in Table 3, where also the results for the
symmetric grids in 2D and 3D are given. In
the symmetric grids each point on the upper
side of the airfoil/wing surface have a corre-
sponding point at the lower side.

The order of accuracy for CD is shown
in Figure 13. Here it can be seen that the
order of accuracy is 2.0 for coarse grids and
about 1.5 for fine grids. This is higher than
for the corresponding 2D case, where it was
1.0. Figure 14 also shows that the error in CL

is much lower than for the 2D case.
Figure 16 shows the difference in Cp be-

tween the lower side and the upper side in-
tegrated along the chord for eight spanwise
stations. It can be seen, by the wiggles, that
the local error is higher than in Figure 15 for
the 2D case at the corresponding grid resolu-
tion. How can the global error be smaller for
the 3D case than for the 2D case if the local
error is larger? A hint may be given by Fig-
ures 17-18 where the difference in Cp between
the lower side and the upper side is given
along the spanwise direction at four chord-
wise stations. Here it can be seen that the er-
ror in Cp is both positive and negative. So the
errors may cancel out. This can more clearly
be seen in Figure 19-20, where the difference
in Cp is integrated in the spanwise direction.
If comparing e.g. Figure 20 with Figure 18 it
can be seen that the integrated value is only
about 0.01 of a typical local value.

8 Conclusion

It has been shown that the local error intro-
duced by the sharp trailing edge for an airfoil
or a wing using a node-centered finite vol-
ume solver also gives rise to a small global
error. The accuracy order of CD drops to
about 1.0 for very fine grids, and the error in
CL is about 0.002 even for very fine grids for
low angles of attack for a simple airfoil in 2D.
In 3D the errors are smaller. The accuracy or-
der of CD is about 1.5 and the error in CL is
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much smaller than in the corresponding 2D
case, mostly due to error cancellation. The
errors in these computations are very small
but may be larger for e.g. compressible flow
where the position of the shock is influenced
by the error in the circulation.
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Fig. 1 Grid around the NACA 0012 airfoil. Grid resolution h = 1.0. Farfield view.

Fig. 2 Grid around the NACA 0012 airfoil. Grid resolution h = 1.0. Close-up view.
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Fig. 3 Grid around the double NACA 0012 airfoil. Grid resolution h = 1.0. Farfield view.

Fig. 4 Grid around the double NACA 0012 airfoil. Grid resolution h = 1.0. Close-up view.
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Fig. 5 Grid around the double smooth TE airfoil. Grid resolution h = 1.0. Close-up view.

Fig. 6 Grid around the double smooth LTE airfoil. Grid resolution h = 1.0. Close-up view.
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NACA 0012 Double NACA 0012 Double smooth TE Double smooth LTE
h CL CD CL CD CL CD CL CD

16.0 -2.56E-2 2.35E-2 4.28E-3 2.96E-2 7.13E-3 1.51E-2 8.17E-3 1.63E-2
8.0 -4.89E-3 6.75E-3 -1.64E-3 8.37E-3 -5.09E-4 4.61E-3 2.48E-3 1.00E-2
4.0 -1.63E-3 1.72E-3 -6.12E-4 1.15E-3 -3.87E-4 6.28E-4 3.68E-4 2.61E-3
2.0 3.26E-3 5.00E-4 -2.92E-4 3.13E-4 -1.57E-4 1.60E-4 1.45E-4 4.87E-4
1.0 3.53E-3 1.56E-4 -1.15E-5 5.61E-5 -4.34E-5 4.74E-5 6.93E-6 7.59E-5
0.5 -3.09E-3 7.09E-5 6.88E-6 2.36E-5 -5.63E-6 1.89E-5 2.28E-6 1.50E-5

0.25 1.87E-3 3.40E-5 -1.00E-6 9.56E-6 -2.64E-6 6.71E-6 6.19E-7 5.26E-6
0.125 7.32E-4 1.56E-5 -2.27E-7 5.25E-6 -5.28E-7 3.72E-6 6.66E-8 2.42E-6

Table 1 CL and CD for the 2D configurations at zero angle of attack.

NACA 0012 : α = 0.00◦ NACA 0012 : α = 1.25◦ NACA 0012 : α = 2.50◦

h CL CD CL CD CL CD

16.0 -2.56E-2 2.35E-2 9.29025E-2 2.26E-2 2.68470E-1 2.21E-2
8.0 -4.89E-3 6.75E-3 1.55466E-1 6.43E-3 3.10335E-1 8.86E-3
4.0 -1.63E-3 1.72E-3 1.61023E-1 1.63E-3 3.14943E-1 1.95E-3
2.0 3.26E-3 5.00E-4 1.57736E-1 5.84E-4 3.13438E-1 5.38E-4
1.0 3.53E-3 1.56E-4 1.60785E-1 1.86E-4 3.16879E-1 1.94E-4
0.5 -3.09E-3 7.09E-5 1.57132E-1 7.33E-5 3.17526E-1 7.79E-5

0.25 1.87E-3 3.40E-5 1.57222E-1 3.38E-5 3.18298E-1 3.84E-5
0.125 7.32E-4 1.56E-5 1.60627E-1 1.72E-5 3.18569E-1 2.01E-5

Table 2 CL and CD for the 2D NACA 0012 configurations at different angles of attack.

2D NACA 0012 2D NACA 0012 : sym 3D NACA 0012 3D NACA 0012 : sym
h CL CD CL CD CL CD CL CD

16.0 -2.56E-2 2.35E-2 -4.29E-2 2.30E-2 2.31E-3 1.13E-2
8.0 -4.89E-3 6.75E-3 -1.41E-2 6.85E-3 1.90E-3 2.93E-3
4.0 -1.63E-3 1.72E-3 7.35E-4 1.82E-3 1.23E-3 1.03E-3
2.0 3.26E-3 5.00E-4 -1.69E-3 5.04E-4 -2.20E-5 4.16E-4 3.40E-4 4.18E-4
1.0 3.53E-3 1.56E-4 -4.50E-4 1.87E-4 -4.01E-4 1.82E-4 2.15E-4 2.05E-4
0.5 -3.09E-3 7.09E-5 1.46E-4 6.23E-5 1.19E-4 8.59E-5

0.25 1.87E-3 3.40E-5 -2.68E-4 3.76E-5
0.125 7.32E-4 1.56E-5 -4.57E-4 1.51E-5

Table 3 CL and CD for the 2D and 3D NACA 0012 configuration at zero angle of attack. The
symmetric grids have symmetric surface grids only.
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Fig. 7 Grid around the 3D NACA 0012 wing at wing leading edge and symmetry plane.
Grid resolution h = 2.0. Close-up view.

Fig. 8 Change in total pressure within one
cell at trailing edge for the 2D NACA 0012
configutation at α = 0.0◦.

h ∆Ptot LE % ∆Ptot % TE
16.0 3.36 0.709
8.0 1.80 1.045
4.0 8.58E-01 0.939
2.0 3.40E-01 1.042
1.0 4.02E-02 1.063
0.5 5.54E-03 0.959

0.25 1.55E-03 0.990
0.125 6.65E-04 0.886

Table 4 Change in total pressure within one
cell at leading and trailing edge for the 2D
NACA 0012 configuration at α = 0.0◦.
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Fig. 9 Cp(x) for the 2D NACA 0012 configuration (left) and the 2D double NACA 0012 config-
uration (right) for grid resolution h = 0.25.
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Fig. 10 Cp(x) for the 2D double smooth TE configuration (left) and the 2D double smooth LTE
configuration (right) for grid resolution h = 0.125.
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Fig. 11 CD vs. h2 for the 2D configurations. ⊡→ NACA 0012. △→ Double NACA 0012.
⋄→ Double smooth TE. ×→ Double smooth LTE.
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Fig. 12 CD vs. h2 (left) and h1 (right) for the 2D configurations. ⊡ → NACA 0012.
△→ Double NACA 0012. ⋄→ Double smooth TE. ×→ Double smooth LTE.
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Fig. 13 CD vs. h2 (left) and h1 (△) & h2 (⊡) (right) for the 3D NACA 0012 configuration.
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Fig. 14 |CL −CL( f inest grid)| for the 2D (left) and 3D (right) NACA 0012 configurations,
⊡→ 2D: α = 0.0◦. △→ 2D: α = 1.25◦. ⋄→ 2D: α = 2.50◦. ×→ 3D: α = 0.0◦.
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Fig. 15
∫ x

0
Cp(x)(lower−upper)dx for the 2D NACA 0012 configuration, with symmetric surface

node distribution. ⊡→ h = 16.0 (left) and 1.0 (right). △→ h = 8.0 and 0.5. ⋄→ h = 4.0 and
0.25. ×→ h = 2.0 and 0.125.
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Fig. 16
∫ x

0
Cp(x)(lower−upper)dx for the 3D NACA 0012 configuration, with symmetric surface

node distribution for grid resolution h = 1.0. ⊡→ z-station = 0.1 (left) and 0.5 (right).
△→ z-station = 0.2 and 0.6. ⋄→ z-station = 0.3 and 0.7. ×→ z-station = 0.4 and 0.8.
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Fig. 17 Cp(z)(lower−upper) along spanwise direction z for the 3D NACA 0012 configuration,
with symmetric surface node distribution for grid resolution h = 1.0 at x−station= 0.1 (left)
and x−station= 0.5 (right).
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Fig. 18 Cp(z)(lower−upper) along spanwise direction z for the 3D NACA 0012 configuration,
with symmetric surface node distribution for grid resolution h = 1.0 at x−station= 0.9 (left)
and x−station= 0.99 (right).
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Fig. 19
∫ z

0
Cp(z)(lower−upper)dz for the 3D NACA 0012 configuration, with symmetric surface

node distribution for grid resolution h = 1.0 at x−station= 0.1 (left) and x−station= 0.5 (right).
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Fig. 20
∫ z

0
Cp(z)(lower−upper)dz for the 3D NACA 0012 configuration, with symmetric surface

node distribution for grid resolution h = 1.0 at x−station= 0.9 (left) and x−station= 0.99 (right).
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