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Abstract

The non linear eddy viscosity models are good
candidates for the simulation of turbulent flows
of industrial interest. In fact these models allow
to avoid the complexity of the second-order clo-
sure models, and to capture more physics than the
classical two equation turbulence models based
on the Boussinesq hypothesis. Non linear κ-ε
turbulence models have been developed by the
authors, in the framework of the CEC BRITE-
EURAM project AVTAC, and so far validated in
case of a transonic flow around an airfoil and a
wing mounted in a wind tunnel. The aim of this
paper is to assess the behaviour of the developed
non linear turbulence models in case of a typical
complex 3-D aeronautical application such as the
flow around a wing-body configuration.

1 Introduction

The simulation of turbulent industrial flows is
currently undertaken by solving the Reynolds Av-
eraged Navier Stokes (RANS) equations.
These equations need a closure to compute an un-
known term which stems from the double corre-
lation of the turbulent fluctuations : the Reynolds
stress tensor.

τi j =−ρu′iu
′
j (1)

A set of transport equations for the Reynolds
stress tensor components can be directly derived
by the Navier Stokes equations. Nevertheless, the
difficult numerical handling and the high compu-
tational cost required to solve the transport equa-
tions system, makes this technique not suitable

for the simulation of turbulent engineering flows.
A more used approach is to relate the unknown
Reynolds stresses to the known mean flow quan-
tities through a turbulence model.

1.1 Linear eddy viscosity models

The linear eddy viscosity turbulence models are
based on the Boussinesq hypothesis which con-
sists of an analogy between a laminar and a tur-
bulent flow. By applying this assumption, the
Reynolds stress tensor results linearly related,
through the eddy viscosity, to the mean flow strain
tensor :

τi j = µt

(∂ui

∂x j
+

∂u j

∂xi
− 2

3
∂uk

∂xk
δi j

)
− 2

3
ρκI (2)

where κ is the turbulent kinetic energy and, due
to its order of magnitude, is usually neglected in
the computation of external flows.
The eddy viscosity µt depends on the velocity
and the length scale of the turbulent eddies.

The simplest turbulence models are the al-
gebraic models where the eddy viscosty is com-
pletely determined in terms of local mean flow
variables. A well known and widely used alge-
braic model is the Baldwin-Lomax model [1].
In the one-equation turbulence models, only one
or a combination of the turbulent scales is com-
puted by solving a transport equation. A one-
equation model widely used in aeronautical appli-
cations is the Spalart-Allmaras model [2].
The two-equations turbulence models are com-
plete in the sense that two transport equations
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for both the turbulent scales are solved, and the
Reynolds stress tensor can be completely deter-
mined from the local state of the mean flow and of
the mean turbulent quantities. The velocity scale
is chosen to be the square root of the turbulent
kinetic energy κ, while the length scale is usu-
ally determined from κ and an auxiliary quantity.
Examples are the κ-ε models that use the turbu-
lent dissipation rate ε [3], and the κ-ωmodels that
make use of the specific dissipation rate ω [4].

1.2 Non linear eddy viscosity models

The non linear eddy viscosity models allow to
take into account important stresses relaxation ef-
fects, and to improve the physics of the turbu-
lence models in all the situations where the nor-
mal stresses anisotropy plays an important role,
but avoiding the numerical complexity of the
Reynolds stress transport models.
An anisotropic generalization of the eddy viscos-
ity concept can be achieved considering the con-
stitutive relation 2 as the leading term of a series
expansion of functionals.

1.3 Motivations

Non linear κ-ε models have been developed
by the authors, in the framework of the CEC
BRITE-EURAM project AVTAC [5], coupling
the second order Reynolds tensor as provided
by Speziale [6] and the second and third order
stress-strain relationship by Shih [7] to the My-
ong and Kasagi [8] κ-ε turbulence model.

These models have been first assessed pre-
dicting the transonic flow around the RAE2822
airfoil [9] [10].

The turbulent non linear stresses have shown
(fig. 2) to be effective whereas the flow is sepa-
rated or close to the separation, and to improve
the shock-boundary layer interaction and the
boundary layer recovery behind the shocks. The
third order turbulent stresses have not provided,
an appreciable improvement with respect to a
second order constitutive relation and the best
results have been achieved through the stress-

strain relationship derived by Shih.

The same non linear eddy viscosity models,
but employing only the constitutive relation by
Shih, have been applied to RAE M2155 wing
placed in a wind tunnel [9] [11], and the same
type of results have been obtained (fig. 2) .

Aim of this paper is to apply the developed
non linear models to a wing-body configuration
in order to assess the behaviour of the non linear
κ-ε models in case of a complex 3-D aeronautical
application.

2 Theoretical aspects

The turbulence model used in the computations is
made up by the Myong and Kasagi κ-ε [8] model
coupled to the constitutive relation developed by
Shih [7].

For sake of completeness, the Shih Reynolds
stress tensor with second and third order terms is
here written :

τi j = µt

(∂ui

∂x j
+

∂u j

∂xi
− 2

3
∂uk

∂xk
δi j

)
− 2

3
ρκδi j

+
A3

2
ρ

κ3

ε2

(∂uk

∂xi

∂uk

∂x j
− ∂ui

∂xk

∂u j

∂xk

)
(3)

+ A5ρ
κ4

ε3

[∂uk

∂xi

∂uk

∂xp

∂up

∂x j
+

∂uk

∂x j

∂uk

∂xp

∂up

∂xi
− 2

3
Π3δi j

− 1
2

∂ul

∂xl
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∂uk
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3
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− 1
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∂uk
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+
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− 2

3
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)]

where the invariants Πi are defined as :

Π1 =
∂ui

∂x j

∂u j

∂xi
, Π2 =

∂ui

∂x j

∂ui

∂x j
(4)

Π3 =
∂ui

∂xk

∂ui

∂xp

∂up

∂xk

The functions A3 and A5, in front of the quadratic
and cubic term respectively, depend on the turbu-
lent variables and on the main strain and rotation
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Fig. 1 RAE 2822 Case 10
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Fig. 2 Wing RAE M2155 - Mach=0.806 α=2.5 Re=4.1∗106

tensor, and ensure the realizability of the model.

A3 =

√
1− 9

2C2
µ
(κS∗

ε
)2

0.5+ 3
2

κ2

ε2 Ω∗S∗
(5)

A5 =
1.6µt

ρκ4

ε3
7(S∗)2+(Ω∗)2

4

with

S∗ =
√

S∗i jS
∗
i j , S∗i j = Si j−

1
3

Skkδi j (6)

and

Ω∗ =
√

Ωi jΩi j , Ωi j =
1
2
(
∂ui

∂x j
−

∂u j

∂xi
) (7)

It is worth to note that Cµ is not a constant but a
function of κ, ε, and of the main strain and rota-
tion tensor :

Cµ =
1

4+AsU∗ κ
ε

(8)
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where

As =
√

6cosφ , φ=
1
3

arccos(
√

6W∗) (9)

with

W∗ =
S∗i jS

∗
jkS∗ki

(S∗)3
(10)

and

U∗ =
√
(S∗)2+(Ω∗)2 (11)

2.1 Implementation issues

The turbulent stresses impact the diffusive term
of the RANS momentum equations and the
production term of the turbulent kinetic energy
of the κ-ε equations. Both the terms need to be
modified to take into account the non linear part
of the stress-strain relationship 3.

The momentum Navier-Stokes equations can
be written as :

∂(ρui)

∂t
+

∂(ρuiu j)

∂x j
+

∂p
∂xi
=

∂Ti j

∂x j
(12)

with
Ti j = ti j+ τi j (13)

where ti j is the laminar stress tensor :

ti j = µ
(∂ui

∂x j
+

∂u j

∂xi
− 2

3
∂uk

∂xk
δi j

)
(14)

and τi j is made up of a linear part τl
i j (first row of

the expression 3) and of a non linear part τnl
i j .

By using the finite volumes approach the equation
12 becomes :

∂
∂t

∫
Ω

ρuidV +
∫

∂Ω
ρuiu jn jdS+

∫
∂Ω

pnidS=

∫
∂Ω
(ti j+ τl

i j)n jdS+
∫

Ω

∂τnl
i j

∂x j
dV (15)

In the above equation the Gauss theorem has
been applied only to the terms containing the
termodynamic pressure and the laminar and

linear turbulent stress tensor, while the non linear
turbulent stress tensor has been treated as a
source term.

The κ-ε equations do not require any particu-
lar treatment; the production of the turbulent ki-
netic energy can be simply modified as follows :

Pκ = τi j
∂ui

∂x j
= τl

i j
∂ui

∂x j
+ τnl

i j
∂ui

∂x j
(16)

3 Numerical results

In order to assess the behaviour of the model in
case of a 3-D industrial application, the Myong
and Kasagi κ-ε model together with the linear,
and 2nd order constitutive relation 3 has been
applied to predict the flow at Mach = 0.80,
α = 2.2, and Re/m = 10.66 around the AS28
wing-body configuration.

Fig. 3 AS28WB - Grid -

The grid (fig. 3) has been provided, in the
framework of the project AVATC, by BAE and
has about 5 million cells.

The numerical results, in terms of pressure
and friction coefficients at several stations along
the wing span, and velocity profiles are shown in
the figures 4 - 9.
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Fig. 4 AS28WB - Pressure Coefficients -

The agreement between the computed and the experimental pressure coefficients, keeping into
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Fig. 5 AS28WB - Pressure Coefficients -
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Fig. 6 AS28WB - Pressure Coefficients (zoom at the station y/b= 0.780) -

account that the lift coefficient is not matched, is
good.
There are not experimental data available for
the friction coefficients, but however the data
compare well with the other numerical results
achieved in the AVTAC project.

The non linear turbulent stresses show their
effectiveness, improving the pressure recovery
behind the shock and at the trailing edge, in
the outer region of the wing whereas the shock-
boudary layer interaction is stronger (fig. 6).
Since the fluid dynamic conditions are not severe,

and the flow on the wing is everywhere attached
the effect of the non linear model can be only seen
in the details of the flow field (fig. 9).

4 Conclusions

Non linear eddy viscosity turbulence models
have been developed by the authors in the
framework of the CEC BRITE-EURAM project
AVTAC, and so far validated by predicting the
transonic flow around the RAE2822 airfoil and
the wing RAE M2155 placed in a wind tunnel.
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Fig. 7 AS28WB - Friction Coefficients -

The behaviour of these models has now been assessed for the flow around the AS28 wing-body
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Fig. 8 AS28WB - Friction Coefficients -
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Fig. 9 AS28WB - Velocity profiles -

configuration.

The main features of the non linear models
have been confirmed, and the pressure recovery
behind the shock and at the trailing edge has been
improved in the outer region of the wing whereas
the shock-boundary layer interaction is stronger.
However for engineeristic applications of ex-
ternal aerodynamics and for attached flows
when the details of the flow field are not very
important, the improvement due to the use of non
linear models seems to be negligible.

The non linear eddy viscosity models will be
tested by the authors in case of flows in more se-
vere fluid dynamic conditions, such as high lift
performances of airfoils and wings, and air intake
internal flows.
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