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Abstract

In this paper a procedure of synthesis

of dynamic sensitivity model of elastic
structure aircraft depending on generali-
sed parameter system reduction, corespon-
ding to the each combination of reducing,
is presented. By using this procedure we
can define the criterion of system reduc-
tion as infinum of norm of sensitivity ve-
ctor function depending on coresponding
‘parameters of system reduction. Generali-
sed discrete parameters of system reducti-
on is simultaneosly presented in coupled
form of complete and reduced dynamics mo-
dels.

fluence on flight dynamic behaviour of ai-

The measure of elastic structure in-

reraft is defined as the supremum of norm
of sensitivity functions depending on the
coreposnding parameters of system reducti-
on. Calculation of sensitivity functions
norm is realised on the start of complete
flight dynamic model synthesis of elastiec
structure aircraft, without determining
of reduced models. By using a procedure of
system reduction the synthesis of aproxi-
mate reduced sensitivity dynamic model of
the mentioned system is also presented in
the paper. It means that it is possible to
determine the measure of influence of the
structural dynamics on flight dynamic be-
haviour of aircraft and the best reduced
aproximation of the system model by knowi-

ng a starting version only.
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Introduction

In flight dynamic analysis of aircra-
ft motion the influence of aircraft stru-
cture dynamics is of interest. This influ-
ence produces the diference between it’s
system state and state coresponding to the
approximation of flight dynamics as a ri-
gid structure aircraft. In a further text
of this paper the mentioned diference of
states is called as a system error, caused

by elasticity of aircraft structure.

In the paper l6} a procedure of synthe-
sis of flight dynamic model of elastic st~
ructure aircraft is presented. Given redu~
in
of

system reduction is a main problem. In or-

ced flight dynamic model is presented

a general form in which the procedure

der to complete procedure of system reduc-~
tion the synthesis of sensitivity flight

dynamic model of elastic structure aircra-~
ft is presented in this paper. Sensitivity
dynamic model can be used for solving the

following specified problems:

- determination of criterion of system
reduction;

determination of optimal system re-
duction;

determination of méasure of elastic
structure influence or the measure
of uper limitts of system error;
determination of local stability of

the complete system.

In this paper the determination of cri-



terion of system reduction is presented.

Consider the initial complete flight
dynamic model of elastic structure aircr-
aft form. If system model includes n gene-
ralised coordinates of elastic displace-
ments there exists n possible variants of
system reduction. Each of them can be te-
rminated with corresponding parameter of
system reduction. If m (m < n) generalised
coordinates of elastic displacement are
included in a reduced form of the system
we say that rang system reduction is equ-
al m. It means that only one reduced form
of system model with rang m exists, or the
reduced system form of rang m is uniquelly
defined.

The critterion of system reducﬁion is
defined as minimum value of natural number
m which corresponds to the uper limit of
the system error. The system error is de-
fined as a norm of generalised vector of
errors of aech generalised coordinates of

the system state.

In order to define the critterion of
system reduction the procedure of synthe-
sis of sensitivity flight dynamic model of
elastic structure aircraft depending on
generalised parameter of system reduction
is presented. The, generalised parameter of
system reduction is asumed as a discrete
one, with corresponding values equal 0 or
1. If the parameter of system reduction is
equal 0 a mathematical model of system
dynamiecs is given in a reduced form, or if
it is equal 1 system model is presented in
a complete nonreduced form. If seams that
unit perturbation of system parameter whi-
ch value is equal 71 produce the changes in
a system states as a transformation from
nonreduced flight dynamic model of elastic
structure aircraft to the reduced one. The
measure of influence of system reduction
is proportional to the norm of system sen-
sitivity vector. Finally, the system error
between system states is proportional to
the norm of system sensitivity vector. Th~

is conclusion is a basic statement in pro-

cedure of determination of critterion of

system reduction.

Basic equations

Flight dynamic model of elastic struc-
ture aircraft in complete nonreduced form
can be written in the following mathemati-
cal formualtion:

Xy o= 8,(X,%5) Xy o+ A

1 X3) X

.

120Xy, 2
+ A13(X1,X3) X3 + B16(X1,X3)6 +

ap

+ B15(X1,X3)6 + B16(X1,X3)5 + Q]

Xy = Byy Xg o+ Aoy X, # hyg Xpg + By 6+
+ B26 5 + Q2

i3 = Agy Xy 4 Agy Xy o+ Agy Xg o+ Bog o
+ B36 6 + B36 5 + Q3

where subvector X1, X2 and X3 are given
in the following subwector forms

X,|={Vu)}T

X, = {q k3T (2)
T

x3 = { g 3}

in which the V is a vector of generalised
coordinates of the linear velocity of air-
craft motion and w is a vector of genera-
lised coordinates of angular velocity of
aircraft motion, both of them coresponding
to the fixed aircraft coordinate system

in a point of center of gravity of its un-
deformable structure. Vector k is the fi-
rst derivation of the vector g which rep-
resents the vector of nodal values of po-
tential of airflow around the aircraft de-
formable structure. Vector S is the first
derivation of the nodal elastic displace-
ments of elastic aircraft structure pre-
sented with vector, corresponding to the

fixed coordinate system.

Explanation of procedure of synthesis
of given mathematical model is presented

in the paper | 6]|.

Reduced form of the flight dynamic mo-
del explained by equations (1) given in

the following form:
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Ry o= A0 X0 XX, + AL, 00 XX+
T o1 41 1 1

+ A13(X1,X2,X3)~X3 + B16(X1,X2,X3)ﬁ +

1

. 1 21y 1y
+ By (X Xo, X008 + By y(X,X5,X3)8 + Q
(3)
v - . 1 1
X2 = A21 X1 + A22-X2 + A23'X3 + B266 +
+ B2éé + Q2
X, = A.-X, + A, -X) 4 A X + B..§ +
3 3171 32 72 33 73 36
+ 836'6 + Q3
where subvectors {X2} and {X3} are
1 2. T 1 2. T
{XZ} = { X2 Xz} {X3} = {X3 X3} (4)

Consider the following vectors in a forms

_ 1 1.T - 2 2.T
Yy = {X, x3} Y3 = { X5 X3} (5)
which must satisfied matrix relation
Y, = - L Y (6)

where L is matrix of reducing tramsformation

of elastic generalised coordinates.

Transformation matrix L is a solution

of the Ricatti matrix algebraic equation

az, - a33L + La22 - La23 L =0 (7)

where matrices of coeficients are given in

the next matrix forms:

[ 11 117 [ 12 12]
Azy Apg Rop Apg
[a22] = 1 [323] =
W11 NERNE
#3233 REERREE)
- - - 1 (8
21 21 22 22
Rop Az Ao Ap3
[332] = [333] =
21,21 22,22
L 32 733] 1732 733]

where are the uper index corresponds to
the subvector transformations presented
with relations (4) and (5). Subvectors
{Xg} and {Xgl are neglected.

Synthesis of sensitivity dynamic

model of linear reduced system

Procedure of system reduction is prese-
nted in a paper |6]. By introduction of
discrete system reducing parameter u; cor-
responding to the system reduction which
rang is equal i, it is possible to writte
the complete initial and reduced models in
the integrated form as

X = Au;) X + Bluy)u (9)

in which the value uy = 0 coresponds to a
reduced dynamic model of the system and
wy = 1 corresponds to the initial complete
dynamic form of nonreduced system. In a
case of linear system form equation (9)
can be written by the following approxima-
te matrix relation

(10)

= ( + (u=1)- ) + u
X Aoy B A
where matrix L is a solution of algebraic
matrix Ricatti equation, given in a form

LA - LA,,L + A - Aol = 0 (11

11 12 21
and matrix M is a solution of algebraic Ri-

catti matrix equation
M(LA12 + A22) - (A11 - A12L)M-+A12: 0 (12)

Reduced model of the system is given in
a two alternative forms which are approxi-
matelly equal because the matrix M in ap-
proximation zero-matrix. In that case exi-
sts linear combination between generalised
coordinates of the system given by the ne-

xt matrix relation

X, = - LX (13)

2 1

We must note that exists a unique corespo-
ndation between dimension of reduced form
of the system (which is equal to dimension
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of subvector X1) and its parameter of sy-
stem reduction .

Sensitivity dynamic model coresponding
to the system form given by equation (9)
can be presented in a following matrix
form

- u o+ 28, 9B,
u = A(ulu + e X + Fnu (14)
In a case of linear form of the mathemati-
cal model system, given by relation (10),
sensitivity dynamic model can be presented
by the next differential matrix equation

U Ay Ayp Ak Al |y
= ( + (u=1)- ) +
Y| A2 A2 ool Aop| |42
Al Aol 1%
+ . (15)
Aol Ayl 1%

with initial conditions

i
o

u1(to)
(16)

i
o

uz(to)

If sensitivity dynamic model is presen-
ted in a complete nonreduced form parame-
ter u is equal 1. Corresponding sensitivi-
ty dynamic model is written in the follow-

ing form
T R TR P A P B PRSP R R

= . + . (17)
Ul |Re1 Bl ua| Rk Axnl| X%

For the case of sensitivity dynamic mo-
del of reduced system form, vector of sen-
sitivity functions is equal zero. If sys-
tem is not reduced the second matrix form
of relation (17) is a small vector, propo-
rtional to the vector 6, given in a form

6 = LY, - X, (18)

Coeficients of proportionality are de-
termined with submatrix A12 and A22. Ma-
define the measure of influence

12
of structure dynamics to a flight dynami-

trix A

¢s. Quadratic matrix A22 is a correspon-
ding structural system matrix.

Criterion of system reduction

Ricatti matrix algebraic equation (11)
has a real solution if exist a next con-
dition of matrix norms:

1
[1aal ] < CHag T + Tla 01 THEgl] (19)

where matrices Ao and Lo are given in the
following fomrs

A0=A11-A L

. (20)
L = A7)

o) 22 A

21

Solution of the mentioned matrix alge-
braic Riccati equation must satisfy rela-

tion

TITNIRRTINY

- (21)
Al +adl [l

o<||L-L, ||

Presented statements are explained in

a paper '3].

The following norm can be written in a

next form

2l a1 - 11L, ]
o] o]
1% <] %) [+ € L] |+ —0 0"

A+ 1&g Ll
Al (22)

In a case of homogenous initial conditi-
ons vector of sensitivity functions can
be written in the next form
u, £ [2q1(t=1) @, 5 (t-1) Ay
= f . 1]

(o]
@21(t-1) Q22(t-1) A22

U
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«(X, 4+ LX )ds (23)
If the system matrix A is stable it is

possible to calculate the finite value of

norm in a form

8.,

t
ik * [ ]S Ojk(t—t)drH Jrk=1,2  (2u4)
o

Finally the norms of the vectors of
sensitivity functions can be limited in a

fomrs as

I |u,] | |<(9H'| |A12| ‘ + 912" 1A22| D
201a |1/t

a1l |

TEAIRIE N

(25)

| |u2 I |<(921'{ |A12| | + 912'| |A22| |)

2|18, -1y 1

aglT + [l - [Tt

%1+l + DAL

By using relations (25), it is possib~-
le to determine the norm of sensitivity
vector without solving given matrix Rica-
tti equation. It means that we can define
the uper limit of the system error witho-
ut calculation of system transformation
matrix. Only one term what we must know
is the asumed rang of the reduced form of

the system.

Sensitivity dynamic model of

elastic structure aircraft

Complete and reduced dynamic models of
elastic structure aireraft can be written
in a following integrated form

Xy = Byy(X2,290% +[K12(X1 Zpy2) + (=R X, ’Z2’Z3)] T

+ Wl 5(X,,25,2)

3

+ B1 5 (X1 ,22,23)6 + B1 5 (X1 ,22,Z3)6 + Q1

1o+ By (XpyZyi2Z)6 +
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Y= Ty X+ [Ty + By 1] 1y + Bty +

Byb

_ — (26)
+ B266 + 8256 + Q2

LTy Xy ¢ [T 0D B %, e T by

+ 8366+8356 + 8356+Q3
where subvectors Z1 and 22 are given by

Y2 + (p - 1)~L'Y3

M‘Y3
Sensitivity dynamic model of elastic
structure aircraft can be written in a

next form:

-

uy = 7\-11 uy + I.A-12 + (u-‘l)_A-B]\)Z +u —K13\)3 +
+ ?%-l X, +[a§l2 + (u=1) ?-6_133—3 + 7&'13]-3{2 +
+ [u :-513 + 7&-13]-Y3 +ai16-6+az16-5+ai16 8
;2 - _5'21 uy + {A22 + (u—W)A23L] vy + B A23 vy +
+7;'23LY2+A23 Yg (27
\‘:3 = K31 u, +[ _532 + (u-—1)K33 L] v, +u _K33v3 +
+ 133 LY, + A33 Y3

Determination of norm of sensitivity

functions u and v, can be done on a

11 V2 3
same way as for the linear system form.
Norms of the vector vy and v3 can be cal-
culate by their denrotation with vectors
u, and uy in relations (25) corresponde=-

lly.

Conclusion

Presented procedure of system reducting
included determination of system error as
the result of system reduction is powerfu-
11 method for simulation of flight dynamie
of elastic structure aircraft. Determina-

tion of system error is very simple because



it needs not expection of norm of nonline-
ar part of the system. Starting point 1is
defined with initial rang of subvector Y2
equal 1 and corresponding rang of subvec-
tor Y3 equal n-1 where n is a total number
of adittional "elastic" and "flow" coordi-
nates of the system state. By increasing
P from 1 to 2,3,...
...,m we can define the infinum of m which

the rang of subvector Y

satisfied the condition that the system
error, equal to the norm|lu,|| is less
than assumed value. If the elastic dyna-
mic influence on a total space motion of
the aircraft is small we can change the
terms ||X,|| and ||X,|| form equation (25) in
approximation with the maximmum harmonic
free deflection of elastic structure, if
its value is known. In oposite case, we
must simulate the vectors {X1} and {Xz}

of starting complete dynamic model and de-

termine its norms.

Calculations of system eror in some hy-
potetical examples shows that it is
practicaly small if we cut off system mo-
des with corresponding frequences, greater
several times than frequences of rigid
body aircraft motion modes. In that cases
the system error monotonically falls down

with increasing the rang of subvector{Y2}.
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