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Abstract

This paper deals with the study of min-
imum weight design of laminated composite
plates subjected to inplane and transverse
loading. Angle ply laminates with ortho-
tropic layers and antisymmetric plies are
considered. Thickness of plies and the
corresponding fiber orientations are trea-
ted as design variables. Numerical results
have been obtained for different aspect ra=-
tios and biaxial inplane loadings. This
study indicates that the fiber orientations
of plies near the mid-plane have little
effect on the optimum design. There exists
a particular fiber orientation angle for
the overall thickness of the laminate which
results in optimum design for a plate of
given aspect ratio under a given set of
loading.

I. Introduction

During the last two decades or so,
fiber reinforced laminates have found inc-
reasing applications in many engineering
structures. The high strength to weight
and stiffness to weight ratio render them
to be an ideal structural material for
Aerospace work. This material has an adv-
antage that its properties can be tailored
through fiber orientation, thickness of la-
minze and stacking sequence. This gives
the designer an added degree of flexibili-
ty to achieve the desired strength or sti-
ffness in any direction.

The advent of high modulus/high stren-
gth fiber reinforced composites, such as
carbon/epoxy and graphite/epoxy has resul-
ted in an increase in the use of laminated
fiber reinforced plates and other structu-
ral shapes as primary structural members.

The growing use of composites have sti-
mulated interest in the development of op-
timal design of structures made of compos=—
ite materials. The earliest attempt in
this direction seems to be due to Mroz(l)
who attempted to obtain the optimal reinf-
orcement using strength as a design crite-
ria. Bryzgalin and Love and Melchers(3)
employed a stiffness criteria to obtain an
optimal design using constant thickness
composites,

Lai and Achenbach(4) used a direct sea~
rch procedure to obtain an optimal design
for minimum tensile stress at the interfa-
ce in a layered structure subjected to
time harmonic and transient loads. Khot et.
al(5) suggested an efficient optimization
method based on strain energy distribution
and a numerical search for the minimum

weight design of structures. The procedure
takes into account multiple loading condi-
tions and displacement constraints on the
structure.

Schmit and Farshi(®.7) presented a tec-
hnique for minimum weight design of symme-
tric composite laminates subjected to mul-
tiple inplane loading conditions. The
problem is cast as a nonlinear programming
problem with preassigned fiber orientati=-
ons and treating the thickness of the ply
as a design variable. Hayashi(8) optimized
the fiber volume fractions for columns and
orientation angle for plates and cylinders
for the corresponding buckling strength.

Chao et.al(9) determined the optimum
orientation for a symmetric composite lami-
nate with inplane loading. The buckling
results presented are restricted to specia-
1ly orthotropic laminates.

Hirano{10) optimised the buckling load
of laminated plates under uniaxial and bi-
axial compression. The plate is made up of
plies of equal thickness. The fiber orien-
tation of each ply is treated as a design
variable while the number of plies is pre-
assigned.

Recently Sharma et.al(ll) have shown
that if the laminate is made up of variable
thickness plies, the degrading effects of
coupling can be eliminated. This results
in an increase in the strength of the lami-
nate.

Thus, it is observed that not all the
design variables have been exploited to ar-
rive at an optimal design. Either fiber
orientation or thickness of a ply is trea-
ted as a design variable.

In this paper, an attempt is made to
incorporate the thickness of each ply and
fiber orientation as design variables, whe=
ile the number of plies is used as a desi-
gn parameter. Two types of problems are
studied:

1. Maximising the buckling load of a layer-
ed composite plate of a given dimension.
2. Minimum weight design of a laminate sub-
jected to inplane and transverse loading.

The problems are cast as a nonlinear
programming problem. The constraint prob-
lem is transformed into an unconstrained
problem. The unconstrained minimization is
performed using McCormick's modification of
the Fletcher-Powell method. Results have
been obtained for varying aspect ratios and
uniform biaxial in-plane loading.
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II. Problem Formulation & Analysis

II.1 Optimal Design of Laminated Plates

Under Uniform Axial Compression

A composite laminated plate, with each
lamina having orthotropic property is con-
sidered for the analysis. This orthotropy
is achieved by placing in a lamina equal
number of fibers at +a and -qa angles with
respect to the structural axis. The study
is carried out for the following two cases:

(1) maximisation of the buckling load
with constraint on thickness of each
lamina to be within a preassigned
thickness.
maximisation of the buckling load
with a constraint on overall thick-
ness of the laminate.

(ii)

The objective function is

Max Nx(ai,ti), i=1,...N (1)

such that

0L

<o 212 (2)

and

(3)

*

N
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The problem as stated above is a const=
rained optimization problem. This constr-
ained problem is transformed into a series
of unconstrained problems by introducing a
penalty function associated with the const-

raints. The problem then reduces to
m
P(r,ai,ti) = NX(ai'ti) - X El fj(ai'ti)

(5)
where
fj(ai,ti) = 1n(gj(ai,ti)) if gj(ai,ti)Z; 0
(6)

in which gi's are the constraints given by
equations %3) and (4). The transformed pro-
blem is solved using Fletcher and Powell
method. (12)

The optimization problem requires the
knowledge of buckling load and the deriva-
tives of the buckling load with respect to
%; and tj. For this purpose, the plate is
assumed to be simply supported on all si-
des. The three governing equations along
u, v, and w are(l3
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where Ajj, Bij and Djij are axial, coupling
and bending stiffnesses respectively.

Defining Ny = KNy, and assuming a solu=-
ion for u, v and w, which satisfies the
boundary conditions, the buckling load Nx

is obtained as(14)

1
N_= X
x nzaz(m2 + anpz)
2T, T, T,. = T, T2, = T, T°
12723713 22713 11°23
[T,y + ]
33 T, T, - T
11722 12
(8)
where
_ 2 222
Typ = Allm n? + A66n np
_ 2 2.2
T22 = A66m 1'[2 + A22n T p
Tip = (A12 + A66)mn1?p )
3.3 2,32
Tyz = By ™ + (Byy + 2Bgg)m"wp
2 3 3.3 3
Tyy = (B12 + 2B Jm"nup + B,,n"m"p
_ 4 4 224 2
Ty3 = Dyym n° + 2(D12 + 2D66)m n“np
4 4 4
+ D22n np

m and n are the number of half sine waves
along x and y direction and p = (a/b) is
the aspect ratio of the plate.

Derivatives of the buckling load with
respect to design variables are obtained in

closed form. Ref. 14 discuss these in det=
ail.
II.2 Optimal Design of Plates Under

Inplane and Transverse Loading

As stated in introduction, minimum wei-
ght is an important criterion for structur-
al design for aerospace applications. Com=-
posites exhibit better fatigue and corro-
sion properties. Besides minimum weight
requirements, structures are often designed
for stiffness, strength, small deflection
and high buckling loads. The study is car-
ried out for the following two cases:
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(i) minimum weight design of composite
plate subjected to deflection const-
raint.

(1ii) minimum weight design of a composite
plate under requirements of high
buckling load and minimum deflection,

The objective function is

N
Min W'(= W/A) = Min 7_ t, (10)
! i
i=1
such that
0Loa, £/2, £,20, i=1,N
and
*
WEw
> * (11)
NX /Nx

The three governing equations, which
describe the behaviour of the plate under
transverse loads are

A u -
11%,xx T BeeV,yy T (Pig t BgeV o
B1t¥,sox = (Brp + 2Bggw oo =
(12a)
B22%,yy T PeeV,xx T (Pia T AUy T
B22%,yyy ~ (Big *+ 2Begw =0
(12b)
Dllw,xxxx * 2(D12 * 2D66)w,xxyy *
D,. - . - -
22%, yyyy T Bii%seex < B2V, yyy
(By, + 21366)(u'xyy - V,xxy) = q(x,y)
(12c)

The plate is assumed to be simply supp-
orted on all sides and subjected to a uni-
formly distributed load. Following the
method discussed in Ref. (14), the deflec-
tions wmpn, Yy and vy, are given by

qmn
Un = .aTB: (T22Tl3 - T12T23) (13a)
q
= o -
Vmn = 755 (T11T23 = T13Typ) (13b)
and
q
= Jdon 2
Ymn T Too (TppTyy = Tpp) (13¢)
2’
where

2
~ (Ty3Ty, = Typ)
D = X
8
2T, T, T, = T,.T2, = T. T%
12713723 = Tp,Ty3 11723
[Ty, + 1
33 . T - 2
11722 ~ 12
and
J1sa, 1
Apn = 72 * mn

m and n are number of half sine waves al-
ong X and y directions. T3j, Ti13., etc.
are given by Eq. (9).

In addition to constraints described in
Section II.1, following additional constr-
aints are introduced

g, =1-% (14a)
W
g, = (/) -1 (14b)

Here again, we obtain analytical express-
ions for the derivatives of the constrai-
nts with respect to the design variables.

IITI. Numerical Computations and Results

IT1.1 Laminated Plates Under Uniform Axial
Load

Numerical studies have been carried for
rectangular composite plates with number
of plies (N), aspect ratio (p) and biaxial
loading ratio (K) as parameters for Boron/
Epoxy composites, whose material properties
are as follows:

B, = 2.11x10% kg/m®, E, = 2.11x10° kg /mm>

1 2

= 0.3, = 7.03x10% kg/mm?

2 C12
Table 1, shows the effect of number of
plies on the buckling for a square plate.
It is observed that at the optimum point
fiber orientation of all the plies is

same, which is found to be 45°. This may
be attributed to the fact that the term T33
in the buckling load relation (see Eg. 8)
contributes maximum to the buckling ‘load.
T33 depends on Dil, D12, D22 and Deé. The
bending stiffness coefficient Djj decreas-—
es with increase in fiber orientation from
0° to 90°. PFurther D2 increases with or-
ientation from 0° to 90°. At 45° D311 and
Dyy are equal. In view of this variation,
T33 attains a maximum value when fibers

are oriented at 45° (m =1 andn = 1 is

the primary mode of buckling).

The variation of maximum buckling load
with aspect ratio is shown in Table 2. The
optimum fiber orientation increases from
0° to 90° with aspect ratio for uniaxial
loading. However, for biaxial loading, the
variation in fiber orientation is approxi-
mately from 19° to 62° for a variation in
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No. of Optimum fiber orientation (degrees) Reduced Mode of
plies K critical buckling
oy %2 03 4 a5 Og load
2 0 45,0 45,0 - - - - 21,977 1:1
3 0 44,9 44.6 44,9 - - - 21.977 1:1

45,0 45,0 45,0 - - - 21,977 1:1%
4 o 45,3 43,9 43.9 45,1 - - 21.975 1:1

45,0 45.0 45.0 45,0 - 21.977 1:1%
6 0 44,5 45,3 45,5 45,5 45,4 44,5 21,975 1:1

45.0 45,0 45,0 45,0 45,0 45,0 21,977 1:1%*

* analysis at the optimum point.

TABLE 1,

aspect ratio for 0.5 to 2.0. This behavie
our could be explained in the following
manner. In the expression for T33, Dy is
multiplied by p% while the second term is
multiplied by p2. For p £ 1, contribution
of Dpp decreases with decreasing aspect
ratio. As a result for p €1, the optimum
fiber orientation is between 0° and 45°.
For p > 1, the contribution of D5 increa-
ses, so that the optimum fiber orientation
is between 45° to 90°.

The variation of buckling load with
fiber orientation for a laminated plate
with p = 1.25 and subjected to a uniaxial
load is shown in Fig. 1. It is cobserved
that for fiber orientation up to 50°, the
mode shape is 111, that is, one half sine
wave along x direction and one half sine
wave along y direction. Beyond 50°, the
mode shape associated with the maximum bu-
ckling load changes. Detailed analysis
shows that the following relationship hol=-
ds at the optimum f£iber orientation

. * . *, 0 4 . * 2
(u251n 2e¢ - 2Ujsin 4a )p  + 12Uysin 4a p

%* *
- (Uzsin 20 + 2U3sin 4a ) = O (15)

Q - Q

M1 22 _ _
where U, = 7 e U3 = (9 + 0y,

Q12 - 4Q¢¢)/8 and o is the fiber orienta-
tion. Thus, for a square plate (p = 1),

Eq. (15) reduces to

*
sin 40 =0 (1le)
Therefore, a* = n/4 at the optimum point,
For p = 1.25, BEg. (15) yields a* = 50,5
(Ref. Table 2). At this fiber orientation,
the number of half sine waves changes from
1l to 2 at an aspect ratio of 1.25,

Fig. 2 shows the variation of buckling
load with fiber orientation for a rectang-
ular plate subjected to biaxial loading.
It is observed that at small values of
fiber orientation, the mode shape associa-
ted with the buckling load is one-half
sine wave along x direction and two-half
sine wave along y direction. The mode sh-
ape changes at the fiber orientation of
approximately 10°.
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EFFECT OF NUMBER OF PLIES ON MAXIMUM BUCKLING LOAD (SQUARE PLATE)

Mode = 1:2
150~
AR :1.25
6~ Ny / Ny=0.0
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FIG.1 VARIATION OF BUCKLING LOAD
WITH FIBER ORIENTATION

ITI.2 Plates Under Inplane and Transversed
Loading

Numerical computations have been done
for Boron/Epoxy composite. The upper bou=
nds on the constraints are taken as

*
W = 2 mm

and N; = 5,00 kg/mm

Table 3, gives the results for optimum
ply thickness and corresponding fiber orie-~-
ntation for the minimum weight design. It
is observed for a square plate, at the
optimum point, fibers in all the plies are



Aspect K Optimum fiber orientation (degrees) Reduced Mode of
ratio critical buckling
oy % o3 0y a5 1) load
0.5 6.0 3.0 5.2 15.5 15.5 4.2 1.8 42,020 1:1
0 0 0 0 0 O 42.126 1:1*
0.8 0.0 38.0 38.6 26.2 26,2 38.6 38.0 23.086 1:1
38.0 38.0 38.0 38.0 38.0 38.0 23.130 1:1*
1,25 0.0 52.9 49,2 25,2 24.8 48.7 51.0 22,840 1:1
50.0 50.0 50.0 50.0 50.0 50.0 23.090 1:1%
2.0 0.0 44 .9 45.0 44,9 44.9 45,0 44,9 21.977 2:1
45,0 45,0 45,0 45,0 45.0 45,0 22.000 2:1%
1.0 0.5 45,2 45,1 48,2 51.8 44,0 45,2 14.640 1:1
45.0 45,0 45.0 45.0 45,0 45,0 14.650 1:1
2.0 0.5 61.3 66.5 69.5 69.4 66,2 61.3 12.560 1:1
68.0 51.0 25.0 25.0 51.0 68.0 12.240 1:1

* analysis at the optimum point.

150

100

50

AR -=0.5
Ny/ Nx =0.5
_ 12Nx.b?
" %3522

20 40 60 80
FIBER ORIENTATION [deg.)

FIG2 VARIATION OF BUCKLING LOAD

WITH FIBER ORTENTATION

TABLE 2. VARIATION OF MAXIMUM BUCKLING LOAD WITH ASPECT RATIO (N = 6)

oriented at an angle of 45°. For aspect
ratios less than one, the fiber orientat-
ions of plies closer to mid plane are clo-
ser to 45°.

The optimum ply thickness and the corr-
esponding fiber orientations for plates
subjected to biaxial loading are presented
in Table 4. The optimum fiber orientation
angle increases with an increase in the
biaxial loading ratio for aspect ratios
less than one. For a square plate, the
fiber orientation angle remains constant at
45° with increase in load ratio. The con-
tribution of the plate thickness near the
mid plane is not considerable, In fact,
the fiber orientation of the plies near
the mid-plane do not attain the optimum
value.

The variation of the maximum deflection
with fiber orientation is plotted in Fig.
3. The maximum deflection attains a min-
imum value at higher fiber orientations as
aspect ratio increases. Fig. 4 shows the
variation of optimum weight with aspect
ratio for different biaxial loading ratios.
The optimum weight is higher for higher
biaxial loading ratio. Fig. 5 shows the
active constraint for a given aspect ratio
and biaxial loading. The figure also gives
the values of the other constraints. From
Fig. €6 it is observed that the optimum
welight does not depend upon the biaxial
loading ratioc if the constraint on deflec-
tion is active. It increases with increase
in biaxial loading ratio, since the buck=-
ling load decreases with increase in load
ratio, the thickness of the laminate has
to increase,

IV. General Conclusions

1. The buckling load is maximum when
the total thickness of the plate assumes
the optimum fiber orientation for a given
aspect ratio and biaxial loading ratio.
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Aspect No. of Optimum values Opt imum
ratio plies weight
tl/ocl tz/oc2 t3/a3 t4/a4 t-.s/oc5 t6/°‘6

0.5 2 0.97 0.97 - - - -
0.21 0.21 - - - - 1.94
4 0.92 0,04 0.04 0.93 - - 1.94
0.09 39.65 39,65 0.05 - °
6 0.83 0.11 0.05 0.03 0.10 0.82 1.95
5.10 33.12 43.88 45.69 31.89 5.28 .
1.0 2 2.0 2.0 - - - -
45,00 45.00 - - - - 4.01
4 1.0 1.0 1.0 1.0 - - 4.01
45,00 44,99 44,99 45,00 - - y
6 0.67 0.67 0.67 0.67 0.67 0.67 4.01
45,00 45.00 45,00 45,00 45,00 45,00 .
1.25 2 2.29 2.28 - - - -
52.37 52.38 - - - - 4.56
4 1.56 0.72 0.72 1.56 - - 4.56
53,03 46,54 46,53 53.02 - - *
6 0.84 0.88 0.57 0.54 0.89 0.83 4.57

52.69 52.29 46.58 46.56 52.10 52.70

TABLE 3. OPTIMUM VALUES OF PLY THICKNESS AND FIBER ORIENTATION FOR A PLATE
(ONLY UNIFORMLY DISTRIBUTED LOAD)

AR ¢+
OO0 of
Nl ARy

AR e

/ —— BUCKLING ACTIVE
~-—-DEFLECTION ACTIVE

K=Ny/Nj
o K=0-0
o 05
v 10
1.0 A 5

Py ———— 1
050
o 0'5 1f0 . L

0 20 40 60 80 )5 2.0
Fiber orientation (degrees) Aspect ratio

FIG-3 MAXIMUM DEFLECTION OF SIMPLY FIG-4 VARIATION OF OPTIMUM WEIGHT
SUPPORTED LAMINATED PLATE VS WITH ASPECT RATIO

FIBER-ORIENTATION
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Aspect K No. of Optimum values Optimum
ratio plies weight
tl/a1 t2/oc2 t3/'oc3 t4/a4
0.5 0.5 2 1.34 1.34 - - 2.68
9,54 9,54 -
4 0.87 0.48 0.49 C.35 2.68
6.86 39.43 39.47 6.84
0.5 1.0 2 1.40 1.41 - - 2.81
18.18 18.18 - -
4 0.84 0.57 0.57 0.84 2.81
16.50 40,85 40.85 16.50
0.5 1.5 2 1.46 1.46 - - 2.93
23.32 23,32 - -
4 1.33 0,02 0,04 1.54 2.93
22.70 52.90 53,00 23.90
1.0 0.5 2 2.00 2,00 - - 4.01
45,00 45,00 - -
4 1.00 1.00 1.00 1.00 4,01
45,00 45,00 45,00 45,00
1.0 1.0 2 2.01 2.01 - - 4,02
45,00 45,00 - -
4 1.00 1.00 1.00 1.00 4,02
45,00 45,00 45,00 45,00
1.0 1.5 2 2.16 2.16 - - 4,33
45,00 45,00 - -
4 1.08 1.08 1.08 1.08 4,33
45,00 45,00 45,00 45,00
2.0 0.5 2 2.45 2.45 - - -
TABLE 4. VARIATION OF OPTIMUM VALUES WITH ASPECT RATIO AND BIAXIAL LOADING RATIO
Buckling mode
K R ¥y e DEFLECTION ACTIVE
. . £
limit for mgximum deflection ° BUCKLING ACTIV
20 ———p - W G- —= = —b—i15 50k a BOTH ACTIVE .
E T /V
—_ .§ . * *
€ / o .
e e 4O *
o
.9 P 0/’_0'
© 2 g
S - g‘ S _*__/——o//
§1-0-—° - &5 = =
limit for minimum buckling| 9 30 -
1 1 i 1
.05 10 15 20
Aspect ratio 200t 1 l /|
00 05 10 15
FIG.-5 VARIATION OF DELECTION AND K=Ny/Nx

2. The designes of the composite plate

BUCKLING LOAD WITH ASPECT

RATIO FOR OPTIMUM WEIGHT

DESIGN

can work with relaxed manufacturing toler-

ances, as far as plies near the mid plane

are concerned.
) 3. The weight per unit area of the plate
increases with increasing aspect ratio.

However, it tends to approach an asymptot-

FiG.-6 VARIATION OF OPTIMUM WEIGHT
WITH BIAXIAL LOADING RATIO

ic value as aspect ratio increases.
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